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FOREWORD 


It is generally agreed that school mathematics syllabuses are 
in need of reform. The traditional syllabus is no longer an ade- 
quate preparation for mathematics as it is taught at a higher 
level; it indicates very little of the range of contemporary uses 
of mathematics; and it contains a high proportion of routine 
computation and manipulation at the expense of mathematical 
ideas which yield immediate enjoyment and satisfaction. A 
number of schools are now experimenting with new syllabuses 
which attempt to cure these faults. 

Whether the experiments prove to be wholly successful or not, 
they are bringing a new element into the situation: an awareness 
that it is part of the job of the teacher of mathematics to inform 
himself about the relatively recent developments and changes in 
his subject. It is no longer possible to believe that developments 
in mathematics concern only the research mathematician and 
do not have any bearing on the mathematics taught in schools. 
This series of books is intended as a contribution to the reform 
of school mathematics by introducing to the reader some areas 
of mathematics which, broadly speaking, can be called modern, 
and which are beginning to have an influence on the content of 
school syllabuses. 

The series does not put forward explicit advice about what 
mathematics to teach and how it should be taught. It is meant 
to be useful to those teachers and students in training who want 
to know more mathematics so that they can begin to take part 
in the existing experimental schemes, or modify them, or devise 
their own syllabus revisions, however modest. The books are 
elementary without being trivial: the mathematical knowledge 
they assume is roughly that of a traditional grammar school 
course, although substantial sections of all the books can be 
understood with less. 

Now that the stability over a long period of school mathe- 
matics syllabuses seems to be coming to an end, it is to be hoped 
that a new orthodoxy does not succeed the old. The reform of 
mathematics teaching should be a continuing process, associ- 
ated with a deepening study of the subject throughout every 
teacher’s professional life. These books may help to start some 
teachers on that course of study. D.W. 
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LIST OF SYMBOLS 


Page Symbol 
17 p=q 
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Meaning 


p implies q; or if p, then g 

p implies and is implied by q; or p if and only 
ifq 

not-p 

is a member of 


the set of natural numbers or positive 
integers 


the set of integers 

the set of rational numbers 
the set of real numbers 

the successor of a 


a divides ἢ (exactly: meaningful only if @ 
and ἢ are integers) 

positive and negative integers 

the identity function, mapping every element 
onto itself 

the inverse of the function f 

the inverse of the group-element a with 
respect to the composition * 

the residue class of integers which leave 
remainder a when divided by m 

the set of residue classes modulo m 

the group consisting of the set J,, with the 
composition + 

the group, with composition -, of the ἡ 
elements of J,, left when the zero and all 


elements having divisors in common with 
m have been excluded 


Page 


LIST OF SYMBOLS 
Meaning 
the ordered set of elements a, ὃ, c 
the set consisting of the elements a, b, c 
{a, ὃ, c} = {b, a, c, c} 
but (a, δ, c) τὸ (b, a, c) 
the cyclic group of order n 
the permutation a>b, boc, ca 


the group of all permutations of the set 
ee a | 


the group of all even permutations of 
1h, 25st 


the dihedral group of degree ἡ 


Ι 


AXIOM SYSTEMS AND MULTIVALENT 
STRUCTURES 


The main theme of this book is the study of group structure. 
This is the most fundamental of the various algebraic struc- 
tures, and it leads us into some discussion of rings and fields. 
We do not, however, attempt to deal with vector spaces or 
with Boolean algebra, these being treated in other books in this 
series. The first part of this book is devoted to the development 
of the familiar number systems from an axiomatic point of view, 
since it is from the study of the properties of these systems that 
the concepts of composition, associativity, inverse element 
(which, with others, form the basis of the modern algebraic 
structures) most naturally emerge. In the second part of the 
book we study a number of aspects of group structure and 
their applications. In this introductory chapter, we consider 
the notions of axiom system and multivalent structure, two of 
the most important ideas of modern mathematics, which form 
themes running through the whole book. 

The reader will have had some experience of mathematical 
proof in his study of Euclidean geometry, and perhaps also 
some understanding of the idea of an axiomatic mathematical 
system. In such a system, every theorem has to be proved using 
only those theorems which have been proved previously, to- 
gether with the laws of logic; the first theorems of the sequence 
are proved from a few basic ‘axioms’, which are intuitively 
plausible and which are assumed to be true for the purpose of 
building up the system. Thus the theorem that the opposite 
angles of a cyclic quadrilateral are supplementary may be traced 
back, first to the theorem that the angle at the centre of a circle 
is twice the angle at the circumference on the same arc, then to 
the theorems of the exterior angle of a triangle and of the 
equality of the base angles of an isosceles triangle. These in turn 
depend on (i) the equality of corresponding and alternate 
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angles between a transversal and a pair of parallel lines, and 
(ii) the congruence of two triangles which have two sides and 
the included angle equal. This is shown diagrammatically in 
Figure 1. Statements (i) and (ii) may be taken as axioms—they 
appear plausible and we do not attempt to prove them. 


Exercise 


Choose three geometrical theorems and trace back their proofs: 
try to show that they may all be proved starting from the 
axioms (i) and (ii) above. 


The result of this exercise is that a theorem such as the one 
quoted about the cyclic quadrilateral carries the same degree 
of conviction as the axioms from which we started: if, in any 
situation, we are convinced that the axioms apply, we must be 
equally convinced that the theorem will be true. However, two 
points remain to be discussed. The first of these is the question 
of definitions. It is easy enough to define ‘circle’ or ‘triangle’ or 
‘congruent’ in terms of more basic words like ‘point’, ‘line’, 
‘distance’, but it is difficult, if not impossible, to define these 
basic concepts in terms of anything more fundamental. Euclid 
said, “A point is that which has no size’, and ‘A line is length 
without breadth’, but these statements do not actually tell us 
what these things are, nor can they be used as the basis of 
proofs of their properties. But although we cannot satisfactorily 
define ‘point’ or ‘line’, we can make certain statements about 
them which we may take as axioms and which would be usable 
in proving theorems: for example, ‘Any two points lie on a 
unique straight line’, and “Two straight lines meet in not more 
than one point’. ‘Point’ and ‘line’ remain as undefined terms. 
The standard pattern for a mathematical system then be- 
comes— 


undefined terms; 

axioms stating the relationships among these terms; 
definitions of further terms; 

theorems stating relationships deduced from the above. 


As congruent 
{SAS) 


Fig. 1 Analysis of the proof of the cyclic quadrilateral theorem. 
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We shall now give some examples of very simple mathe- 
matical systems, to illustrate this pattern; more complex 
examples will be provided by the rest of the book. 


AN INCIDENCE STRUCTURE 


Undefined terms: set, element, member. 


Axioms 


1. For each element a and each set S, either a is a member 
of S or a is not a member of S. 


2. Each pair of sets has exactly one element in common. 
3. Each pair of elements is contained in exactly one set. 
4. Each set contains exactly 3 elements. 

5. There are at least two sets. 


We shall investigate the properties of this structure, and 
arrive at some theorems. By axiom 5, we have at least two sets: 
let us call them P and ὦ. By axioms 2 and 4, these have one 
element in common, a say, and two other elements each, so 
that we may say P contains a,b,c and Q contains a,d,e. Now 
by axiom 3 there must be sets containing the pairs bd,be,cd,ce; 
let these be called R,S,T,U. No two of these can coincide, 
since this would imply, for example, if S and U were the same 
set, that the pair bc was in both this set and P, which contra- 
dicts axiom 3. Similarly the set R cannot have for its third 
member any of the elements already named, so there must be 
a sixth element Κ᾿ To fill up S,7 and U requires only one more 
element g, and we then have the following arrangement: 


P abc R bdf T cdg 
O ade S beg U οε΄. 


We now have a pair fg which is not in any set, so there must be 
a set V to contain it, by axiom 3. Checking the pairs in the 
scheme above shows that the third element of this set must 
be a. This system of seven elements and seven sets satisfies all 
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(a) (b) 
Fig. 2 Seven-point and seven-line geometries. 


the axioms, but before we state this as a theorem, let us con- 

sider whether any further elements may be added to the 

system. If we add an element ἢν, in a new set W, axiom 2 

requires that W shall have a member in common with each 

of the seven existing sets, and this is incompatible with axiom 4. 
Thus we may state the 


Theorem There are exactly seven sets and seven elements. 


From the analysis we have made, it is also clear that every 
element is a member of exactly three sets. 

This mathematical structure may be realized in a more 
concrete form in a number of different ways. If we interpret the 
elements as points and the sets as lines, and ‘member of’ as 
‘lying on’, we have the finite geometry of seven points and 
seven lines shown in Figure 2a. (The lines can clearly not be 
regarded as Euclidean lines; they simply indicate an associa- 
tion among the points which they join.) It would be equally 
valid to interpret the elements of our structure as /ines and the 
sets as points, with the membership relation now meaning 
‘passing through’. The resulting geometry is shown in Figure 
2b, which in this case turns out to have the same appearance 
as Figure 2a. (This is a self-dual configuration.) Another inter- 
pretation would be to regard the elements as members of a 
main committee, and the sets as sub-committees. Our investi- 
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gation then shows how it is possible to allocate seven members 
to seven sub-committees, each of three members, so that each 
committee contains a representative of each other committee, 
and no pair of members sits together on more than one com- 
mittee. We have here an example of a multivalent structure, 
in that it is capable of realization in a number of different 
ways. 


Exercises 


1. Consider the structure in which axioms 3 to 5 above are 
replaced by the following: 

3. Each element is a member of exactly two sets. 

4. There are four sets. 

Show that there are exactly six elements; and, defining a 
pair of disjoint elements as a pair not contained in any set, 
show that each element has exactly one element with which it 
is disjoint. 

Interpret this structure, and the theorems, in terms of points 
and lines in two different ways, and in terms of committee 
members. Are the resulting geometrical configurations self- 
dual, in this case? 


2. Vary axiom 4 in the above exercise, and investigate the 
resulting systems. 


3, (Harder) Look up Desargues’ Theorem and Pappus’ 
Theorem in a textbook of projective geometry, and try to 
design a set of axioms to give each of these configurations. 


LOGIC 


We now take up the second of the two points which 
arose from the discussion of the deductive development of 
Euclidean geometry. This is the question of the rules of logic 
by which one statement can be said to ‘follow from’ a previous 
one. We shall not discuss these exhaustively, but will comment 
on a few points of importance and introduce a few symbols 
which will be of use later in the book. 
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All theorems can be put into the form ‘If p, then q’; for 
example, /f A,B,C are the angles of a triangle, then A + B + 
C = 180°.This relationship may also be stated as ‘p implies q’, 
and written symbolically as p = 4. Proving the theorem consists 
of making a succession of statements, each implied by the 
preceding one or by a combination of the preceding ones; 
this starts with p and must end with g, and we might represent 
it symbolically as 


p=>r, r=s, (sandp)=t, t=>q; thusp=>q. 


Note that the theorem states that if A,B,C are the angles of 
a triangle, then A + B + C = 180°: it says nothing about what 
may be the case if A,B,C are not the angles of a triangle. The 
ordinary usage of these connectives is not always clear. If, for 
example, I say, ‘If it rains tomorrow I shall not go to the 
match’, there is a possible underlying implication that if it 
does not rain I shall go. Further confusion is caused by the 
fact that many mathematical theorems are actually true both 
ways round; for example, if a quadrilateral is a parallelogram 
then its diagonals bisect one another, and it is also true that 
if a quadrilateral is not a parallelogram then its diagonals do 
not bisect each other. We must agree to use the terms in the 
strict sense that ‘If p, then g’ is a statement about what follows 
if p is true, and that it says nothing at all about what may be 
the case if p is not true. 

The statement, ‘If A,B,C are not the angles of a triangle, 
then A + B+ C # 180°, is called the opposite of the original 
statement: symbolically, the opposite of p=q is not-p 
=> not-g, or using the accepted symbol ~p for not-p, the 
opposite is ~p = ~q. We see that the opposite does not 
follow from the original theorem. There are two further state- 
ments which are logically related to an implication; the con- 
verse, ἢ => p, and the contrapositive, ~q = ~p. Figure 3 displays 
the four related statements for the case under discussion. It is 
clear that the contrapositive is true, and the converse false; in 
this case, moreover, the contrapositive is equivalent to the 
original theorem, and the converse and the opposite are 
equivalent to each other. Reflection on the meaning of the 
statements should make this obvious; it can also be demon- 


B 
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of-a triangle | <a Rk A+B+C=180 | 
Theorem 
| A,B,C are NOTthe | . a : a 
Ἐν Δ | | +B+C# | 
ongles of a triangle | = ee | 
| Opposite 
| ot eae A,B,C are the angles 
Converse 
snattt {etre A,B,C are NOT the 
A+B+C # 80 ee angles of a triangle 


Contrapositive 
Fig. 3 Four related statements. 
strated symbolically. To do this, it is convenient to use the 
fact that 
p=>4q 
is equivalent to the statement that 
(p and ~ 4} is false, 
for p being true, and q not, is the one case excluded by the 
statement p = q. Then 
ee μὲ spit 
is equivalent to 
(τὰ and ~(~>) ) is false, 
which is equivalent to 
(“τὰ and p) is false, 
which is equivalent to 
p= 4; 
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and similarly, we have g = p equivalent to 
(ᾳ and ~p) is false, 
and ~p = τ equivalent to 
(~p and ~ (~@q)) is false, 
so that g = p is equivalent to ~p=> στα. 


We shall use one other example to illustrate these ideas—-the 
theorem of Pythagoras. 


Theorem: p=>4q: lf AABC is right-angled at A, then ΒΟ" = 
AB? + AC?. 

Opposite: ~p => ~q: If A ABC is not right-angled at A, then 
BC? # AB? + AC?. 

Converse: 4 => p: lf BC? = AB* + AC’, then A ABC is right- 
angled at A. 


Contrapositive: “τα => ~p:lf BC* #4 AB* + AC’, then A ABC 
is not right-angled at A. 


In this case, both the theorem and the converse can be 
proved true; we have p => q and ᾧ = p, which is written p + q, 
and we say that p implies and is implied by q, or p is equivalent 
to g. Other common forms of words are ‘p if and only if q’ 
(sometimes abbreviated to ‘p iff 4, and ‘p 15 a necessary and 
sufficient condition for q’. 


Exercise 


Consider the statement ‘If ABC is a triangle, acute-angled at 
A, BC* # AB* + AC? Write its converse, opposite and con- 
trapositive, and consider their truth. 


Reductio ad absurdum 


This type of proof, which is quite commonly used, consists of 
proving a statement by showing that the assumption that it is 
false leads to a contradiction. For example, to prove that if 
points C,D, on the same side of AB, are such that 7 ACB = 
/ ADB, then the four points A,B,C,D are concyclic, we may 
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start by assuming that the circle through A,B,C does not con- 
tain D, and show that this leads to a contradiction. In terms 
of the symbols used above, we are proving that p = ἢ 
by showing directly that (p and ~g) is impossible. Another 
example of this type of proof may be found on p. 52 of this 
book, where we prove that if x* = 2, then x is not a rational 
number by showing that, x? = 2 and x is rational, is impossible. 


Exercise 


Prove the converse of Pythagoras’ Theorem by a reductio ad 
absurdum method, assuming the truth of Pythagoras’ Theorem 
itself. 


Quantifiers 


Mathematical theorems are often generalizations which are 
true for all members of some set; this is often below the surface 
even when it is not explicitly stated. The two theorems discussed 
above, for example, are true for ail triangles. This point is 
sometimes important, as we shall see in this example: 


If x* = y” then x = y. 


Whether this statement is true or not cannot be discussed 
until we know what the x and y stand for. The meaning might 
be one of the following: 


(i) For all x,y in the set of natural numbers, 
v=o yox=y. 

(ii) For all x,y in the set of integers (positive and negative), 
ze) ne y > x = y. 


We can now say that the first of these theorems is true, and 
the second false. 

Note that to disprove the second theorem it is only neces- 
sary to state one pair x,y for which it is not true, for instance, 
3, —3 (this is called disproof by counter-example). In other 
words, the negation of ‘for all x,y in the set N, p = α΄, is ‘for 
some x,y in the set N, p # q (p does not imply q)—and the 
‘some’ may be only one; or ‘there exists a pair x,y in the set 
N...° The quantifiers ‘for all’ and ‘for some’ are denoted by 
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the symbols V and 3, and if we use also the symbols N for the 
set of natural numbers (positive integers), J for the whole set 
of integers, positive, negative and zero, and 8 for ‘is a member 
of’, the statements under discussion would read 


Yay eN, χ = po oe x = γ, 
which is true, and 

¥x,y εὖ, χ' = γοιχ = γ, 
which is false, since 

Ix,y ¢J,x? = y* andx $ γ. 
Exercises 


Discuss the following statements, using all the relevant ideas 
from this section on logic. 


If a* is even, then a is even. 

n(n + 1) (2n + 1) is divisible by 6. 
The sides of a square are all equal. 
n—l=(n+1)(@- 1). 

n? —1=3. 


There is an infinite number of prime numbers. 


Sy oie ue, BP rt 
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NATURAL NUMBERS 


We have stated in Chapter 1 that one of the key ideas of 
modern mathematics is the multivalent structure, and the chief 
such structures which we shall discuss are function, law of 
composition, group, ring and field. These are, however, general- 
izations which have arisen historically out of the study of 
more familiar univalent structures, such as the number 
systems and the cartesian (coordinate) plane; the origins of 
the incidence structures of the previous chapter, in the 
geometry of points and lines, were fairly obvious, and the 
same will be seen to apply to the other structures we shall 
consider. 

We shall therefore begin our study of algebraic structures 
with the number systems in common use. This will also have 
the advantages of giving the reader experience of the axiomatic 
method applied to familiar objects, and of helping him to 
clarify his understanding of number systems at several points 
which cannot be fully dealt with at a more elementary 
level. 

First we must distinguish between the different types of 
numbers which we use. The counting numbers 1,2,3, ... are 
called natural numbers and we shall denote this set by the 
symbol NV. The set 0, + 1, + 2,...1is the set of signed integers, 
or simply the integers, and will be denoted by J. The set of 
numbers of the form p/q, where p and gq are integers, with 
gq # Ὁ, will be called the set of rational numbers, and denoted 
by Q; the subset of positive rationals will be denoted by ΟἿ. 
The set containing all these, and also all numbers which can 
be expressed as infinite decimals, such as ,/2,7, ,/ (,/3 + 1) 
and so on, is the set of real numbers, for which the symbol 
R will be used. Other types of number will be defined at 
appropriate places in the text. 
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NATURAL NUMBERS 


In our attempt to define the different types of number as 
precisely as possible, the first step will prove to be one of the 
most difficult to take. Once the natural numbers are defined and 
their properties proved, it is a comparatively easy matter to 
define the integers and the rationals in terms of them, though 
the real numbers present somewhat greater difficulty. We shall 
start by examining the properties of the natural numbers, and 
then state a set of axioms by which they may be defined. 

In ordinary usage, the word number may refer either to one 
of the sequence of symbols 1,2,3, . . . or to a property of a set of 
objects, for example the property of having a one-one corres- 
pondence between its objects and the symbols 1,2 and 3, of the 
sequence above. When we wish to make this distinction, we 
shall call a symbol like 3 or 26 a number-symbol or numeral, and 
for the other meaning we shall use the phrase the mumber of a 
set. A child’s first step towards counting consists of learning 
the set of number-words, and their order. (Their order is, in 
fact, the only significant thing about these; they are simply a 
set of words possessing an order which is universally agreed.) 
The next step consists of learning to make a one-one corres- 
pondence between the words and the objects which are to be 
counted or numbered. Counted or numbered—for there are two 
distinct uses to which this sequence of number-symbols may be 
put, They may be used to count the number of objects in a set 
—this is called a cardinal use of the number system—or to iden- 
tify a particular member of a sequence, such as a sequence of 
houses in a street, or of kings of the same name—this is called 
an ordinal use of the numbers. 

We shall now state a set of axioms for a natural number 
sequence. These were first given by the Italian mathematician 
Peano, and it will be seen that they are mainly a precise state- 
ment of the property of order which we have already seen to be 
the essential property of the natural number sequence. Care 
has to be taken to ensure that what we allow is a single chain- 
like sequence, without any branching. 
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PEANO’S AXIOMS FOR A NATURAL NUMBER SEQUENCE 


A natural number sequence is a set N of elements together 
with a successor function (*) satisfying the following axioms: 


NI. For each element a of N, there is a unique element αὖ in N, 
called the successor of a. 


N2. No two elements a,b have the same successor. 


N3. N contains a unique element 1 which is not the successor 
of any element of N. 


Νά. Every set S of elements of N such that 
(a) 1 is in S, and 
(b) if ais in 5, then its successor αὖ is in Κ΄, 
consists of the whole set N. 


Any member of a natural number sequence is called a 
natural number. By this definition, the set 1,2,3,...9,10,... of 
numerals in base ten is a natural number system: so is the set 
1,2,10,11,12,20, . . . of numerals in base three. We now go on to 
define the number of a set, but first we introduce a useful term. 


Definition A segment <i n> of a natural number sequence 
N is a subset δ of N such that 

(a) S contains J,.and 

(Ὁ) ifx ς 5, x* ε S; unless x = n, when x” ¢ S. 


The number of a set 


A set is said to have number a (or to contain n elements) if its 
elements can be placed in one-one correspondence with the 
members of the segment <1 n> of a natural number sequence. 

A set whose elements may be put into one-one correspondence 
with the whole of a natural number sequence is said to have 
number ὦ. 

We have mentioned that the numerical sequences in different 
bases may all be described as ‘natural number sequences’, and 
we therefore need to provide some definition of equality for two 
numbers, to make the necessary correspondence between two 
different sequences. 
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Definition The numbers m,n of two natural number 
sequences are said to be equal if the segments <1 m> and <1 n> 
may be put in one-one correspondence with each other. 


PROPERTIES OF NATURAL NUMBERS 


We have given a set of axioms for ‘natural numbérs’ and 
have shown that the familiar set of numerals 1,2,3,4, .. . satisfies 
these axioms. We have also shown how a suitable member of a 
natural number sequence may be assigned to a set, to be called 
the number of the set. What we have not so far considered is 
whether all the familiar properties of natural numbers, as we 
know them, may be proved from the axioms N/ to N4. This 
raises the question, what are these ‘familiar properties’? To 
answer this we shall have to examine the way in which we 
habitually use numbers, and try to note what the laws are 
which we use unconsciously most of the time.T 
Consider the following calculations: 


28 682 35 _12 rem 9 

+34 —324 x 23 23)285 
+42 ---. -- 23 
— 358 105 -- τ 
104 -- 70 55 
anomie —_— 46 

805 ---.- 

ee 9 


First, we note that there are four ways of combining numbers, 
of which two, addition and multiplication, are in some senses 
primary processes and the other two, subtraction and division, 
are derived from them: any two numbers may be added or 
multiplied, but 5 cannot be subtracted from 3 nor divided by 3, 
without inventing new types of number. This raises the second 
point, which is that a + b and b + a are equal, but a — δ and 


+ The question of whether the Peano axioms specify uniquely the set 
of Best: numbers is a difficult one; it is generally agreed that they do 
not. Waismann (Introduction to Mathematical Thinking) says that “Skolem 
has proved . . . that no one will ever succeed in characterising the set of 
integers with a finite group of axioms.’ (p. 148). 


ene . τ ὦ τὦοὃὖὃὖὃυΚ]ὔ - 
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6 —a are not, and similarly ab = ba but a+b#b+ a. 
Next, although addition is in the first place a way of combining 
two numbers, three or more numbers may be added, and the 
result is the same whichever pair is combined first: a + (b + c) 
= (a + 6) + c: in the addition shown above, we may say 
(8 4) 2 ΞΞ 12 - Ο2 -Ξ- 14, or 8 { (4 2) Ξ 8 +6= 14. 
The same law applies to multiplication, but not, of course, to 
subtraction or division. Then, in the multiplication, we use the 
fact that 35 multiplied by 23 may be expressed as (35 x 20) + 
(35 x 3): in general, a(b + c) = ab + ac. The basis of this 
law is the fact that multiplication is repeated addition: 3 « 35 
means 35 + 35 + 35. In the division we use a more compli- 
cated fact, that if b is less than a (less than—another property 
to define), then 6 may be divided either into a, or into some 
number less than a, leaving a remainder, which is less than 6: 
in symbols, if b < a, there are numbers g and r, with r < ὁ, such 
that (a — r) + δ τ ᾳ, that is a = bq + r. Finally, we have 
introduced an extra number into the system, the zero, whose 
properties are that, for any number x, x + 0 = x and x.0 = 0; 
and there is a further pair of laws which we use, and which do 
not follow logically from the others—the cancellation laws, 
which state that ifa + c = ἢ + c, thena = b, and if ac = be, 
and c #0, then a = δ. To summarize, we have to make 
definitions and prove properties as follows, in terms of the 
axioms we have stated. 


Definitions 
+, —, X, +, (and also powers and roots, for completeness), 
less than, 0. 
Properties 
Commutative laws: 
a+b=b+a, αὖ τι ba. 
Associative laws: 
a+(b+c)=(a+b)+ ec, abc) = (ab)c. 
Distributive law: 
a(b +c) = ab + ace. 
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Cancellation laws: 
a+c=b4+csaa=b, ac=bcandc #0>a=b. 


Properties of zero: 
a+O=a, a0=0. 
Division theorem: if 6 < a, there are numbers q,r 
with r < 5, such that 
a=bg+r. 


Exercise 


Write out in full the steps of the four calculations, noting at 
each step which of the properties you use. 


SUM OF TWO NATURAL NUMBERS 


The usual way of finding the sum of two numbers, such as 4 
and 3, is to count up to the 4, and then three places more in the 
same sequence—we make a one-one correspondence between 
the 5,6,7 of the first sequence and the 1,2,3 of a second sequence, 
as in Figure 4a. 


1,2,3,4,5.6:1,.-«. has Os cc ee 
bee “ay gai τ 
(a) (b) 
Fig. 4 


Figure 4b shows the situation in terms of general numbers a, ὃ. 
Here a one-one correspondence is made between the segment 
<1 b> and a similar ‘segment’ starting with the successor of a. 
The end point of this ‘segment’ is the number we calla + 5, and 
we might take this as a definition of a + b. However, it is 
easier to use a definition which avoids the notion of segment, 
and is based directly on the terms contained in the axioms. 
Such a definition has to be a recursive one, that is it does not 
define a + b directly, but defines a + 1, and then tells us how 
to find a + b* if we know a + b. The reason for this is that 
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these are the only two relations we can derive from the 
addition process as shown in Figure 4b: it is clear there that 
a+1=a",and thata + δ᾽ =(a+b)*. 


Definition The sw: a+ ὃ of two natural numbers is defined 
by the following: 


a+l=a’, (1) 
a+b* - (α -- δ)". (2) 


Mathematical Induction 


Having defined addition in this way, we shall find that to prove 
the properties set out above we make extensive use of the 
method of proof by mathematical induction, which means 
simply that we shall be making use of the axiom N4. This is not 
really surprising: what our axioms define is essentially an un- 
ending chain of ‘successors’, and it is therefore natural that the 
methods of proof used should make use of the successor idea. 
The method of proof by induction has the following pattern: 
a statement S(n), containing n, is to be proved true when 7 is 
any natural number. It is first shown that the statement is true 
when Ἢ = 1; then it is shown that if there is any one value 
k of n, for which S(7) is true, then it is also true for the suc- 
cessor of k,k*. We then appeal to the induction axiom N4, 
and consider the subset T of N which contains all the values 
of n for which S(n) is true. We know this subset Τ' contains 1, 
and that if it contains any element k, then it contains k*; we 
can therefore deduce from axiom N4 that 7 consists of the 
whole set N of natural numbers, that is to say S(n) is true when 
mis any natural number. Thus, to summarize, 


S(1) is true 

and }- S (n) true for all ne Ν. 
S(k) = S(k*) 

Exercises 


Prove by induction (a) 1+2+3+...+n= 4n(n + 1), 
(b) the amount at compound interest r% from a principal 
P for n years is P (1 + r/100)". 
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The Associative Law for Addition 


For all natural numbers a, 6, c, 
a+(b+c)=(a+b)4+c. (3) 


Proof We prove this by induction on ¢, that is to say we 
consider it as a statement S(c) which has to be proved true 
when c is any natural number. 

We know that S (1) is true; for this states that 


α - (δ  Ἦθ 1ὴ Ξε (ᾳα - θ δ) Ἐ 1, 
which, by (1) of the definition of addition, is 
a+b* =(a+ δ)". 
and this is true, by (2) of the definition. 
Now we show that S(k) = S(k + 1); that is to say, 


if a+(b+k) =(@+5)+K, (4) 
then at+(b+k*)=(a+b)+k* (5). 
We have at+(b+k*)=a+(6+k)* by (2) 
Ξε [α -- (δ -ἰ Χ)} by (2) 
=[(@+ 8) +k} by (4) 
=(a+b)+k* by (2). 
Thus (4) => (5). 


Thus the conditions of the induction principle are fulfilled, and 
we may deduce that S(c) is true for all ce N, that is to say, 


α - (ὃ -- ὦ ΞΞ (α -- ΡΒ) - c foralla,bd,c ¢ N. 


The Commutative Law for Addition 


For all a,be N, 
a+b=b+a. (6) 


The proof of this is left as an exercise for the reader. It 
involves two applications of the induction principle, one to 
prove thata + 1 = 1 + a forall ase N, and a second to deduce 
from this the result for all a,b 8 N. 
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Cancellation Laws for Addition 
For all a,b,c ¢ N, 
a+c=b4+c>a=b. 
This too may be proved by induction on c. 
We have at+t+l=6+1=>a= 8, (this is S(1)) 


for by (1) above this is αὖ = δ᾽ = a = δ, which is true by 
the axiom N2. 


Also, if there is a k such that 
a+k=b5+k=>a= 6h, (this is S(k)) 


we have a+k* =b+k* =(a+hk* =(6+4)*  by(2) 
=s>atk=b+k by N2 


Thus S(k) => S(k*) and, by the induction principle, 
a+c=b+c>a=pb forallad,ce N. 


SUBTRACTION AND GREATER AND LESS 


These are defined in terms of addition, as follows: 


Definition If, for any two natural numbers a and J, there is a 
natural number ὁ such that b + ὁ = a, we call c the difference 
between a and 4 and write c = a — δ: we also say that a is 
greater than b, a > b, and b is less than a, ὃ < a. 


The most important properties of the relation < are con- 
tained in the following theorems: 


Transitivity of < If a <b and b < ο, thena - 6, 


Proof a < b= 4x7 such thata + x = BD, 
b < c= dy such thatb+yp=e. 


+ ‘there exists an x’. 
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Then c=b+y 
=(a+x+y 
=a+(x+ yp). 
Hence a<ec. 


Law of trichotomy For all a,b ¢ N, 
either a=6, or a<b, or b<a. 


Like most other theorems in this chapter, this may be proved 
by induction, but in this case the details are tedious; we shall 
omit this proof. 


Associativity Relations for Subtraction 


The associative law does not hold for subtraction, but we 
frequently need to use expressions in which three or more 
terms are combined by additions or subtractions. The funda- 
mental relations needed are the following. They may all be 
proved in a few lines from the definition of subtraction. 


α -- (ὁ -- ΕΟ) Ξε (α -- δ) -ἰ ¢, 
Ω -- (δ -- ὦ τε (α -- δ) -- ες, 
α  (ὖ -- ΟἿ Ξε (ᾳ - δὴ -- ec. 
In practice such expressions are usually converted by using 


signed numbers (see Theorem 2 on p. 40 below), thus making 
all the operations addition, so that the associative law holds. 


MULTIPLICATION 
Figure 5 shows diagrammatically how multiplication, as 
repeated addition, fits in with the idea of a number sequence. 
We have a set of consecutive groups, of length equal to b, the 
groups being in one-one correspondence with the segment 
{1 a>; the end-point of the whole sequence is what we call ab. 


( » (bt — We a. 


pe ς 
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This diagram gives us the essentials of a recursive definition 
for ab, similar to that given for a + b: 
Definition For all a,b 8 N, 
1.b=b (7) 
and a’ .b = ab + b. (8) 
This time we shall prove the distributive law from the 
definition. 
Distributive Law For all a,b,c 8 N, 
a(b + c) = ab + ac. (9) 


Proof This is by induction on a. 
The law is true for all b, c when a = 1, for 


l(tb+c=b+e by (7) 
= 1b+ Le by (7). 
Also if, for some k, 
k(b + c) = kb + ke, (10) 
we have k*(b+ c)=k(b +c) + (6+ 0) by (8) 


= (kb + kc) + (6 + ἃ by (10) 
= (kb + b) + (ke + c) by (3) and (6) 


=k*b+k*.c by (8). 
Thus the two conditions of the induction principle are 
satisfied and the result follows. 


Exercises 
Prove the associative, commutative and cancellation laws for 
multiplication. 


DEFINITION OF DIVISION 
This follows the same pattern as the definition of subtraction. 
Definition If, for any two natural numbers a, 6, there is a 
natural number c such that be = a, we say that ὁ is the quotient 


of a by ὃ, and write c = a + b; we also say that ἢ is a divisor 
of a, and write b | a. 
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Like the relation ‘less than’, the ‘divides’ relation, b | a, is 
transitive: that is, (c | b and b | a) = c| a. (The proof is left 
to the reader.) But these relations differ in that, while for any 
two natural numbers a, b, either a < b or ὃ < a ora = 5b, in 
the case of the divisor relation we may have numbers a, b for 
which neither b | a nor a | b is true. It is this fact which is at 
the basis of most of the subject known as Number Theory, 
the study of prime numbers and divisibility. It also makes 
relevant the Division Theorem, which states that if δ does not 
divide a, it does divide some number between a and a — Bb. 
This is the theorem on which the standard division calculation 
is based. 


Division Theorem If a,b ¢ N and b < a, then either b | a or 
there exist g,r e N, with r < δ, such that a = bg + r. 


Proof (by induction on a). The theorem is true when a = 2, 
for then ὁ = 1 and b | a. Suppose, for some k, the theorem is 
true, that is, for all ἢ < & either 


b|k or k=qb+r, withr<b. 


Then, if b|k, we have k* = qb - 1, which is of the 
required form provided ὃ > 1, and if b = 1, we have ὁ | k* in 
any case, 

On the other hand, ifk = bg + r, wehavek* = gb + (r + 1), 
which is of the required form unless r + 1 = δ. in which 
case b| k*. 

Thus, in all cases, if the theorem is true for some k, it is 
true for k*; hence, by the induction principle, it is true for 
all ae N, except possibly a = 1, 


DEFINITION OF ZERO 


We noted above that zero possesses an additive and a multi- 
plicative property. We use the first of these to define it, and 
prove the second. 


Definition The zero 0 is an element such that 
(a) a + Ὁ = a for all ae N, and (11) 
(b) the set consisting of a natural number sequence 
and 0 has all the previously proved properties. 
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A natural number sequence, with zero, will be designated by 
the symbol N°. It may be readily proved that there cannot be 
two different zero elements in a system. 

We now proceed to prove that, for all ae N, 0.a = 0. 


Proof For allae N, 


a.a+a0=a(a+ 0) by (9) 
= a.a by (11) 
=aa+0 by (11). 
Thus a.0 = 0 


by the cancellation law for addition. 


POWERS AND ROOTS 


Just as repeated addition is sufficiently important to be 
described as a distinct way of combining two numbers, so we 
come ata later stage to give a name to repeated multiplication; 
this operation of raising to a power may be defined in similar 
terms to addition and multiplication, as follows: 
Definition The bth power of a, a”, is defined by 

(a) αὖ = a, (12) 


(Ὁ) αὐ = a?.a. (13) 


The commutative and associative laws do not apply to this 
operation, but there are two important ‘laws of indices’ which 
may be proved from the definitions by methods similar to 
those used in the rest of this chapter. We may also complete 
the definition by showing that αὐ = 1 for all ae N. 


Laws of Indices For all a,b,c ¢ N, 
Pe aaah ee (14) 
and αὖ" = (αἴ. (15) 


The proofs of these are left to the reader. 


a 
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Proof of a® = 1 for allae N. 
We have 
1.α" = a? by (7) 
= q?t° by (11) 
=a°.a" by (14) 
-- αἵ. αὐ 


by the commutative law for multiplication. 
Thus Ι -- αϑ 


by the cancellation law for multiplication. 


Definition of root If, for two natural numbers a,b, there is a 
natural number c such that εὖ = a, then c is called the bth root 
of a, written c = °,/ a. 


3 


EXTENSIONS OF THE NUMBER 
SYSTEM—INTEGERS, RATIONALS AND 
REAL NUMBERS 


The need to extend the system of natural numbers to form the 
integers arises typically in two ways—from applications, and 
from within mathematics itself. The scale shown in Figure 6, 
with numbers marked in both directions from a central zero, 
is used for measuring temperatures, and a similar number 
system is required for recording bank balances, or the heights 
of people above or below a standard height. Within mathe- 
matics, manipulation is eased if two numbers can always be 
subtracted one from the other; but signed numbers also pro- 
duce the greater advantage that any subtraction can be replaced 
by an addition, and vice versa. The integers consist essentially 
of a double set of natural numbers, with some means of dis- 
tinguishing the two component sets, and a suitable definition 
of the relation between them. One may use + and — signs, or 
leave one set unsigned, and use a minus sign to distinguish 
the other, but it would be quite valid to call one set R1, R2, 
R3,... and the other L1, L2, L3,... or to use any other disting- 
uishing marks. Thus, when we have formulated and stated a 
set of axioms for these numbers, we shall need to find and prove 
theorems governing the ways in which the signs affect the 
combination of these numbers; in other aspects of their man- 
ee they will follow the same laws as natural numbers 
ο. 

The ways in which signed numbers combine may be observed 
by considering the scale of Figure 6(i). Like natural numbers, 
the integers may be used cardinally or ordinally. When used for 
recording a temperature or a bank balance, they simply 
indicate a point on the scale: this is an ordinal use, and there 
is no question of adding two such numbers—one does not 
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TR Ὁ ico aes ee: el ea ae ἘΠ 


Fig. 6 Signed numbers used to describe (i) positions on a scale 
and (ii) changes of position. 


normally add two temperatures or two points of a scale. But 
if it is desired to measure changes in temperature, or deposits 
in the bank, again a set of signed numbers is required, and in 
this case addition is possible, and we are using the numbers 
cardinally. An illustration of this situation would be a set of 
arrows of appropriate lengths, pointing either to the left or to 
the right (see Figure 6(ii) ). Experience with such an illustration 
makes it clear that the laws of addition for these numbers are 
that two numbers from the same set, positive or negative, add 
as if they were natural numbers, and the sum has the same 
sign as the component numbers; while addition of two numbers 
of different signs can be performed by the use of the law 
ἴα + Τα = 0, together with the associative law, thus: 

“5473 =("2+ ~3)+ 3 
“2+ (73 + *3) 
“2. 


nou i 


Addition of two numbers of different sign is usually per- 
formed mentally by considering situations like those of Figure 
7, or by using the subtraction theorem below, but we shall 
show that all these relationships may be made to depend on 


= Ἔ ts 
a ΤΩΝ oo er ee ee ΠΕ ΆΕΝΤΣ agendas 
+3 “3 -ἶ 
—— ----- -------.-.. 
“2 “B +2 
—_—— <= + ++ — 
“5 + +3 = -2 54+3=-8 45 + -3 = 12 
“2 -- τὸ = 13 -ὃ -- -5 - -3 Ἐ2 -- 15 τιὸὶ -3 


Fig. 7 Addition and subtraction relationships for signed numbers. 
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the law *a + ~a =0, together with the associative, commu- 
tative and cancellation laws. 

Subtraction, for signed numbers, cannot have the association 
with ‘taking away’ which is familiar in the case of natural 
numbers, since this idea derives from the characteristic applica- 
tion of natural numbers to sets of objects. Two arrows, or 
two changes of position on a scale, cannot be taken one from 
the other; these are the situations from which signed numbers 
have been derived, and to which we would wish any com- 
position of them to apply.+ However, the desirability of con- 
structing a new number system which obeys laws as similar 
as possible to those of the old one leads us to define subtraction 
to have the same relation to addition in the new system as it 
had in the old: we say that, for integers «, β, « — f is a number 
which, added to β, gives «. The subtraction illustrations of 
Figure 7 may be obtained by direct application of this defini- 
tion. We shall find that, as we proceed to consider further 
extensions of the number system, this principle will need con- 
stantly to be used—that the laws of composition of numbers 
in the new system are defined (i) so that they fit in with the 
old system in those parts which are common to both systems 
(in this case the positive integers) and (ii) so that the funda- 
mental laws—associative, distributive, relationship of inverse 
and the rest—continue to be obeyed in the new system. 

We may also derive from this definition the theorem of which 
we make constant use: 


a—-Bp=a+t fp’, 


where β΄ means the opposite of B, that is, the same natural 
number with the other sign (for example, "8 — ~5 = ~8 + 
+5 = “ἢ. 


We now state our axioms for the integers and show how the 
properties we have discussed depend on them. 


Τ By a composition of numbers we mean any way of associating a pair 
of them with a third number; addition, subtraction, multiplication and 
division are all compositions of numbers. We prefer this word to ‘operation’ 
since the latter is also used sometimes for transformations. We shall try 
to avoid it altogether. 
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AXIOMS FOR THE INTEGERS 


The set J of integers consists of an element zero, together with 
the elements of two natural number sequences, one designated 
‘positive’ and the other ‘negative’ (symbols *5, ~3 are used), 
satisfying the following: 


11. Addition (+) and multiplication (.) are defined for 
integers, and they obey the associative, commutative, dis- 
tributive and cancellation laws: 

Associative laws: 

la. α Ἐ(β- γ) τ γ,α Ὁ (Bry =@+B) +7. 

Ib. α(βγ) = (af)y. 
Commutative laws: 

le. aot βε βόα, ld. αβ = Ba. 
Distributive law: 

le. α(β + y) = αβ + ay. 

Cancellation law: 

if. c+ Pp=at+y>f=y7, lg. oB=ay>Pp=y. 


J2. Subtraction and division are defined from addition and 
multiplication as follows: 


α — 8 is a number x such that 6 + x = α (if such a 
number exists); . 

α + β is a number y such that f.y = α (if such a 
number exists). 


J3. The positive and zero numbers combine in the same way 
as the natural numbers to which they correspond: 


ta+*b=ta+5b), Τα. = *ab, 


and similarly for zero. 


4. Ἐς τ -a=0. 
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Definition The opposite «' of an integer ἃ is the same natural 
number with the other of the two signs. 


(In each Section, we shall normally denote the new type of 
number being introduced by a Greek letter, and the old type 
by an ordinary Italic letter.) 


Theorem 1 (a) a Ῥ "p= “(a -- b), 
(b) ta + “b= 7564+ ἴα -Ξ Bete < a, 


“(6-—a) ifa < b. 
Proof (a) 
("a + ~b) + (‘a+ *b) τί [ἃ + ta) + (δ + 18) by JI 
ΕΞ ἢ by .1.4 
- "(ἃ ὁ δὴ τ Τα τ δ) by J4. 
Thus 
“a+ b= (a+b) by J3 and 01]. 
Proof (b) First, 
*a+ “b="b+*a by JI. 
Then, if b < a, 
*a+ “b= t[@-—b))+b]+ 5 by J2 
= *(a—b)+(*b+ 7b) byJ/ and 3 
= *(q — ἢ) by /4 and J3. 
Ifa < ἢ, 
b= “a+ “(6 — a) by J2 and part (a), 
50 
ἀρ ΔΈ ΓἀτΦτᾧ}ϑῬ ὃ -- ὁ] 


ll 


"(a + τῶ + “(b— a) by JJ 
= "(δ — a) by J4 and 03. 


Theorem 2 For all integers «8, α — B = a + β΄. 
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Proof (a+ β΄) + BP=a - (β΄ + B) 
= ¢ by J4, 


Thus, from the definition in 12, 
a+ p'=a— β. 


Exercises 


1. Use Theorem 2 to show that « — f exists for all integers α, β; 
and use the cancellation law to show that it is unique (that is 
to say, that there cannot be two different integers satisfying the 
definition). 


2. Define greater and /ess for integers. 


3. Use the cancellation laws to show that « + 0 = α and 
αι = Ὁ for all integers α. (J3 explicitly defines Ὁ only as a 
zero for positive integers.) 


4. Show that there can only be one element with the properties 
of the zero. 


5. Recast Theorem 1 to avoid the use of the commutative 
law a+ βτεβ απ for integers. (J3 implies its truth for 
positive integers: use only this.) Hence deduce that « + β = 
Ββ + « for all integers (thus showing that it is unnecessary to 
include this as an axiom in J/). 


MULTIPLICATION 


The multiplication law Πα. Ὁ = *ab is difficult to derive on 
intuitive grounds, since there are few obvious applications of 
signed numbers in which multiplication has a meaning: 
temperature changes and bank deposits do not admit multi- 
plication. Speed and time do, and one can illustrate the rule 
~a.~b = *ab from this situation, but the real reason for this 
and the other rules of signs lies in the need to produce a system 
in which the fundamental laws apply—in this case the commu- 
tative and distributive laws. Intuition may suggest that 
*2.-3 = ~3 + ~3 = ~6, making multiplication by a positive 
integer equivalent to repeated addition, and the commutative 
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law then suggests that ~3.*2 should also = ~6. But the pro- 
duct of two negatives cannot be deduced without appeal to the 
distributive law. The complete set of rules may be deduced 
quite briefly as follows: 


Theorem 3 (a) For all integers xf, α( β΄ τε (αβδγ'. 
(Ὁ) *a.7b =~a.~b =*ab, 


*a.-b =~a.*bh =~ ab. 


Proof (a) ~a.*b = *abis given in J3. For the others, we have 


a. β' + a. B = α(β' + B) by thedistributivelaw, J/e, 
= «.0 by J4 
= ἢ 
= af + (a«f)’ by J4. 
Thus, by the cancellation law, 
a, β' = (ap)’. 


Proof (Ὁ) Putting « = ἴα, B = *b in this result, and using 
the commutative law, gives the second result of (b), while the 
first is obtained by putting ἃ = “a, B = *b in the same 
relation and using the other result. 


Exercises 


1. ‘I walk forward three paces: *3; I turn round through 
180°: — ; I walk backward two paces: ~2; where am I now?” 
Which of the above theorems does this example illustrate? 
Find other illustrations of Theorems 2 and 3. 


2. In this development, the + and — signs attached to the 
integers were required simply to distinguish one of the two 
component sets of natural numbers from the other: they had 
no connection with the use of the same signs for addition and 
subtraction. Investigate the consequences of changing J3 
so that the negative integers are the ones which combine like 
natural numbers, and consider whether this notation would 
be equally convenient in use. 
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THE RATIONAL NUMBERS 


If the integers arise (at least in their cardinal form) when two 
natural numbers are compared by subtraction, as when two 
temperatures are compared to give a temperature change, the 
rational numbers may be considered to arise when two natural 
numbers are compared by division. The word rational, in fact, 
derives from ratio. If a set A contains 24 objects, and a set B 
has 18, we may say that B has 6 objects less than A, or ἢ as 
many objects as A. Composites of rational numbers occur 
readily in such situations; Figure 8 shows how an ‘of’ com- 
position, + of #, and an addition, ὦ + 4, may arise. It also 


A B Cc 
B is } of A Cis %of B 
C is § of } of A 
Band C together = 7 of A+40f A= fof A 


Fig. 8 Compositions of rational numbers. 


shows a situation in which the Principle of Equality is used 
(that, for any integer A, the rational numbers p/q and kp/kq 
are equal) in giving the ratio of the numbers in 8 and A in its 
lowest terms. If we consider the addition here of the numbers 
of the sets B and C, and write in full: 


Band C contain ? of A + 4 of B 
=jofA+4ofA 
=j3o0f A+ fof A 
= 4 of A, 


we may note that the rational numbers to be added must be 
expressing the quantities B and C both in terms of the same 
third quantity A, and that to perform the addition the 
denominators must be made equal by using the Principle of 
Equality, and then the numerators added. In symbols, the 
law is 
piq + r/s = ps/qs + qr/qs 
= (ps + qr)/qs. 
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Figure 9 shows a simple way of illustrating the ‘of’ law, 


piq of r/s = priqs. 


Multiplication has not so far been mentioned, and it is not 
very obvious intuitively what meaning should be attached to 
this word for rational numbers. Multiplication of a rational 
by a natural number could be interpreted as repeated addition, 
for instance 3 x ἢ as ξ + ξ + 23, = δ: and the ‘of’ law above 
gives { of 2 = $, so if the rationals with denominator 1 are to 
correspond to natural numbers, ‘of’ for rationals must cor- 
respond to multiplication for natural numbers. We shall use 
the symbol x for the ‘of’ composition in what follows. We 
shall also expect this composition to be distributive over 
addition. We now proceed to give a set of axioms for the 
rationals, and to show how the familiar properties may be 
deduced from them. We shall see that the axioms correspond 
closely to those for the integers, with the important addition 
of axiom 04b. 

The reason for this difference is that in the rationals we have 
not simply a double set of natural numbers or integers, but a 
set of pairs of these; not just the integers and the unit fractions 
] 9, but numbers p/q for any p,g. Another aspect of this 
difference is that we have whole sets of numbers like +, ἕ, 
τι . . . Which are equal: such a set is called an equivalence 
class. 

The axioms we give here are for the whole set of rationals, 
positive and negative: we derive them from the integers. 
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AXIOMS FOR THE RATIONALS 

Definition The set Ὁ of rational numbers is a set of ordered 

pairs of integers (in which the second member of the pair is 

not zero), (symbol p/q, read ‘p-by-q’) satisfying the following 
axioms: 

Q/. An equality relation, and laws of addition (+) and multi- 
plication ( x or - ) are defined for rationals, and they obey 
the associative, commutative, distributive and cancellation 
laws: 


Associative laws: 
la. a+ (B+ γεπία Ἐβ) +7, 10. x(By) = (αβ)γ. 
Commutative laws: 
le. a2+P=6 +4, Id. af = Ba. 
Distributive law: 
le. a(f + y) = αβ + ay. 
Cancellation laws: 
If. a+ BP=a+yp=> p=), 
lg. af = ayanda #0=> β = γ. 
Q2. Subtraction and division are defined from addition and 
multiplication as follows: 


ἃ — β is a number x such that B + x = α (if sucha 
number exists); 
α + Bisanumber y such that f.y = α (if such a number 
exists). 
Q3. The rationals p/1, with second member 1, combine in the 
same way as the integers p. 


Pl τ 4 τ (» τ 4)}]1, p/l x g/l = pal; 
0/1 and 1/1 have the properties of 0 and 1. 


O4a. g/l x 1|ᾳ = 1/1. 
b. Ρίᾳ = pil x Iq. 


The Principle of Equality may be deduced from these axioms. 
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Theorem 1 (Principle of Equality) 
If k is any integer, 
kpikq = p/q. 
Proof We show first that k/kg = 1/q. 


41 x Κίκᾳ = φῇ x (K/1 x 1/kq) by O4b 

= (g/1 x k/l) x I/kq by Q/b 
= gk/\1 x I/kq by 03 

= 1} by QO4a 

= q/1 x 1/q by Q4a. 

Thus kikq = 1| by O/g. 

Then kp/kq = kp/1 x i/kq by 04b 
= p/l x k/l x Ij/kq by 03 

= ΡΠ] x ki/kq by Q4b 

= ΡΠ] x lig proved 


Next we have a theorem (corresponding to Theorem 2 for 
integers) which shows that, with rational numbers, a division 
may always be replaced by a multiplication. We first define 
reciprocal. 


Definition For any rational number « = p/q, its reciprocal 
a? is the number g/p. (If p = 0 the reciprocal is not defined.) 


Theorem 2 If «, β are rationals, and B~! exists, 
a+Bp=a.p7}. 


Proof We show that «.f~* satisfies the definition of « + β 
in ΟΖ. Let B = p/q. We have that 


(aB~")B = a x φῇρ x piq by Q/b 
=axq/l x I/p x p/l x I/¢g by O4b 
= ax q/l x 1/1 x I/g by O4a 
= ἃ by 03 and O4a 
= (α + β).β by Q2 and Q/d, 

50 ap-'=a+ Bp by O/g. 


We now prove, from the axioms and these theorems, the 
rules for addition and multiplication of rationals. 
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Theorem 3 (a) p/r + gir = (p + Q)/r, 
(b) pig + r/s = (ps + rq)/qas. 


Proof (a) pir + q/r = p/l x Ir + g/l x Ir by O4 
= (p/1 + q/\) x I/r by Ole and Jd 


=(p+q)/1 x I/r by O03 
=(p+ qr by O4b. 
(b) pla + r/s = ps/qs + ar/qs by Theorem 1 
= (ps + qr)/gs by part (a). 


Theorem 4 (a) p/q x q/r = pir, 
(b) p/q x τὶς = prigs. 


Proof (a) = pig x αἱγ = p/1 x I/q x g/l x Ir by Q4b 


= p/l x 1} x Ur by O4a 
= pir by 093 and 040. 
(Ὁ p/q x r/s = prjqr x qrigs by Theorem | 
= prijgs by part (a). 


Exercises 


1. Show that if two rationals y,y’ are both values of « = f, 
then they must be equal. 


2. Show that, since we have defined the rationals as pairs of 
integers, the cancellation law for addition follows from the 
remainder of the axioms. 


3. Show that the above work can be recast so as to avoid 
stating either commutative law, for addition or multiplication, 
as an axiom; show that these can be proved from the remaining 
axioms, with some modifications; for instance, two distributive 
laws are required, one with the multiplier on the left of the 
bracket, one with it on the right. 


POWERS AND ROOTS FOR INTEGERS AND RATIONALS 


Repeated multiplication of a natural number by itself was 
defined above (p. 34) as a separate operation, called raising 
to a power. The same definition will serve for the raising of a 
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rational to a power which is a natural number, but new 
definitions are required for negative and rational powers. We 
give these below. 


Definition If ais a rational number and ᾧ is a natural number, 
αὖ is defined by 


αἱ τε ἃ 
a? ; 

and αὐ =a’.a.t 

Theorem a = 1. 


(The proof is as for ae N, see p. 35). 


Axiom 
05. If a, b are rational, αὐ is defined so that 


(a) if b is of the form p/1, with p natural, a’ = a’, 
(Ὁ) for all a, δ, ee O, a®.a® = αἵ“, and (a®)* = a”*. 


Theorem (1) If ae O and neN, 
a= Ta"; 
Proof a" + 1/a" by O4a 


Ρ proved 


Ϊ 
a 
a".a" by O5b, 
1/a" = α΄" by the cancellation law Ὁ]. 
Theorem (2) If ae O and geN, 

alla = %./q 


where *./a is defined for rational a, just as for natural a, 
that 15 as any number x such that x* = a. 


Proof (att = a! by 055 Ὁ 


= ἔ. 


ἐς a/@ satisfies the definition of %,/a given above. (We do | 


not assume here either the existence or the uniqueness of 
4. /a for any given a or q.) 


+ 5* denotes the successor of b (see p. 24); do not confuse with ἘΡ. 
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RATIONAL NUMBERS AND DECIMALS 


The decimal system, which extends the place-value idea to the 
non-integral part of a rational number, has a number of 
practical advantages, making calculations with rationals 
subject to the same procedures as those with integers. It has 
also some interesting theoretical aspects, which we shall 
explore now. Decimals, like integers, may be expressed in 
different bases: in base 2, 0-1 is 4, 0-001 is 3. In general, in 
base b, the value of the nth place after the point is 1/b", and 
we may make the general definition following. 


Definition The decimal + A-a, az az... dp, in base b (where 
a, 42... are integers between Ὁ and b—1 inclusive), is the 
rational number + (A + a,/b + a,/b? + a3/b> +... +a,/b"). 


We shall use the term decimal even if the base is not ten, 
since there is no other term in common use. : 

Any given rational may be expressed as a decimal, provided 
we may choose the base, but if the base is given, as in the usual 
case with base ten, complications may arise. Thus + is 0-1 in 
base 3, and 0-2 in base 6, but in base ten we have no exact 
expression. The division of 1 by 3, according to the usual 
method, gives 0-3333. . . , and at whatever point one stops, 
there is still a remainder. Of course, what we do in practice 
is to write 0-3 and call it a repeating decimal, but this merely 
hides the far-reaching implications of the step which is taken. 
Is 0-3 exactly equal to 4, or is it an approximation? If it is 
exact, in what sense? All we can say is that the sequence of 
numbers 


0-3, 0-33, 0-333, 0-3333,... 


approaches the value 4 more and more closely, the farther we 
go along the sequence; that is, 4 is the Jimit of the sequence 
of numbers given. 


Definition The sequence u,, v>, u3,... Un, ... iS said to have 
the limit / if, given any positive number h, however small, 
there is a value N(A) of n such that all the terms of the sequence 
beyond the Nth lie within the interval (/ — h, 1 + h); or in 
symbols, for alln>N(h),1—h <u, <1 +h. 

D 
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The question arises whether all rational numbers may be 
expressed either as exact decimals or as the limits of repeating 
decimals. Can we be sure that 
the division will not continue 
indefinitely without ever re- 0-2857142... 
peating the figures of the 7)2-00... 
quotient? This question may 14 
be answered by considering the a 
remainders in the division. As 60 
an illustration we show in 56 
Figure 10 the division to obtain --- 

a decimal for 8. Here the 40 

remainders at each successive 35 
Stage are 2, 6, 4,5, 1, 3, 2,...5 --. 

and after this the cycle must 50 

repeat. We have in this cycle 49 

all the six different remainders -- 

which are possible in division 10 

by 7. In the general case of 7 

division by 4, there are g — | -- 

possible different remainders, 30 

and therefore the first re- 28 

mainder must occur again in - 

at most ᾧ -- 1 more stages: 20 

so the decimal for p/q repeats, ria. td Par 
and the length of the repeating winced mctanipne vlan 
cycle is at most g — 1. 


Exercises 


1. Show that the decimals for 3's and #5 repeat with a cycle 
of 6 figures, and that the twelve possible remainders are 
divided into two sets of six, one set appearing in each division. 
Investigate 3%), τῶι and draw any further conclusions you can. 


2. Find which decimals repeat in base 2: observe the lengths 
of the cycles. 


3. Similarly investigate decimals in base 7. 
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Repeating decimals have many fascinating properties which 
depend on group properties; on p. 89, Exercises 4 and 5, it 
will be suggested how these preliminary investigations may 
be continued. 


REAL NUMBERS 


We were able to show in the previous paragraph that the decimals 
for all rational numbers were repeating ones; we must now 
consider whether it is possible to have unending decimals 
which never repeat. The example 0-1010010001 .. . , in which 
there are 1, 2, 3, 4, . . . zeros between successive ones, shows 
that this is indeed possible, and that therefore numbers exist 
which are not included in the set of rational numbers. This 
striking fact was discovered by Pythagoras, though not quite 
in this form, and to him and his contemporaries it seemed to 
shake the foundations of all their mathematics. Even for us 
it is not easy to accept that we have here a class of numbers 
which cannot be derived in a precise way from the integers or 
rationals, except as the limits of infinite sequences. Neverthe- 
less, this class of real numbers, as they are called, is a very 
important one, because they form a complete set of numbers, 
in the sense that every convergent sequence of real numbers 
has a limit which is a real number, and this is not true of 
rational numbers. 

In defining the real numbers as unending decimals, since we 
wish to include all the rationals within the set, we must provide 
the terminating decimals with an unending sequence of zeros 
following the last non-zero digit. Also, we must emphasise 
that we are in this way defining a real number as an infinite 
sequence of rationals: the real number 0-1010010001 . . . is 
nothing more than the sequence 


0-1, 0-10, 0-101, 0-1010, 0-10100, 0-101001, ... 


of which the nth term consists of the first n places of the decimal. 
We cannot even define the real number as the /imit of this 
sequence; there is no rational number which is the limit of this 
sequence, and until we have defined real numbers, we have no 
numbers which are not rational. 
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Definition A real number is a sequence of rational numbers 
represented by an unending decimal. 


Sums and products of real numbers are defined in an obvious 
way as the sequences whose terms are the sums of products of 
corresponding terms of the sequences for the numbers being 
combined. 


Thus 1-23426 ... + 2-18321... gives the sequence 
3, 3-3, 3-41, 3-417, 3-4174, 3-41747, .... 


Giving a precise definition to these compositions is com- 
plicated by the occurrence shown here, where the first decimal 
place is not given correctly until one has reached the third term 
of the sequence for the sum. The situation is worse in the 
case of products, as the reader may verify, but the difficulty is 
clearly one of detail rather than of general principle. A similar 
comment applies to the fact that the decimal for a real number 
is not unique, since, for example, 1:2999... = 1:3000... 


We now try to give particular point to this introduction of 
real numbers, by showing that ,/2 does not exist as a rational 
but does exist as a real number. 


Theorem There is no rational number whose square is 2. 


Proof Assume that there is such a number, and that, expressed 
in lowest terms, it is p/g. Then 


(p/q)” = 2, 
80 p* = 24°. 


Both sides of this equation are integers, and the right-hand 
side i is divisible by 2: so, therefore, is the left-hand side, p*. But 
if p? contains the factor 2, so must p; that is, p = 2k, with k 
an integer. Then 


ΡΖ = 4k?. 
Thus 2q? =4?, 
and so q? = 2.3, 


Since the right-hand side of this contains the factor 2, so does 
the left-hand side; that is to say, 42 and hence g, is divisible 
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by 2. Thus both p and g contain the factor 2, contrary to the 
original assumption that the fraction was already in its lowest 
terms. Thus the original hypothesis was false, and there is no 
rational whose square 15 2. 


Theorem There is a real number « whose square 15 2. 


Proof Since 12 = 1, and 22 = 4, the ἘΠ part of α is 1. 
To find the first decimal place, try 1-17, 


We find 
1-47 = 1-96, 1-5* = 2:25, 


so the first decimal figure is 4. 
For the next figure we try 1-417, 1-427 . . . and find 
1-417 = 1-9881, 1-427 = 2-0164, 
so that ais l-41.. 


Any desired number of decimal figures may be obtained in 
the same way. Thus « is defined as an unending decimal, that 
is, as a real number. 


THE ‘NUMBER’ OF RATIONAL AND REAL NUMBERS 


The sense of shock which most people experience on dis- 
covering for the first time that the rational numbers do not 
include all numbers probably depends on the fact that the 
rationals, as well as being an infinite set, are also densely 
packed together. We may express this precisely by saying 
that between any two rationals, however close, there is 
another rational, and so, by implication, an infinite number of 
rationals. Between 4 and 4 that is, $ and @, we have 34/6, 
that is τς : between p/g and r/s we have 4 (p/q + r/s). Yet, as 
we have shown, it is possible to have a sequence of rational 
numbers converging to a limiting point which is a precisely 
defined point among the rationals, but which does not cor- 
respond to any rational number. Another comparison between 
the rationals and the reals is given by the fact that the rationals 
may be counted, that is to say, they may be put into one-one 
correspondence with the set of natural numbers, while this 
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Fig. 11 The countability of the rationals and uncountability 
of the reals. 


cannot be done for the reals. Figure 11 shows how the positive 
rationals may be put into an order and counted. Then if the 
reals are supposed to be capable of a similar ordering into a 
countable sequence, of which the first four members are 
shown, and if we form a new decimal by writing for the first 
figure any digit not equal to a,, for the second figure any digit 
not equal to 5,, and so on, this decimal is one which cannot 
appear anywhere in the list, since it differs from every decimal 
in the list in at least one place. Thus the reals cannot be 
counted. 
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COMPOSITIONS AND GROUP 
STRUCTURE 


In the last chapter we were concerned chiefly with the extension 
of the natural number system to form the sets of integers and 
rational numbers. Historically the motive for both of these 
developments was probably a practical one—the new types of 
number were invented to describe situations to which the 
naturals did not apply. But the development may also be 
viewed as the abandonment of the chain-like structure of the 
naturals in favour of a group structure for addition and multi- 
plication. The full meaning of this statement will be clearer 
when we have discussed the group concept in this chapter, 
but we may note at this stage that all the properties of natural 
numbers, including the ideas of addition and multiplication, 
arise from the fact that they form an ordered chain, with a 
starting point but no end. All the theorems in Chapter 2 depend 
on this fact, formulated as the Principle of Mathematical 
Induction—including even the Division Theorem, which would 
seem on the face of it to be very much about multiplication 
and addition, and hardly at all about order. But in proving 
properties of the integers and the rationals the Principle of 
Induction is of very little use, since although these sets can 
be made into an ordered chain, as shown at the end of the 
last chapter, this ordering does not correspond to the usual one 
in which a < b means that b — a is positive. 

The essence of group structure is that the set contains an 
inverse for each element of the set, that is, in the case of addi- 
tion, an element a’ such that a + a’ = 0, or for multiplication, 
an element 1/a such that a x 1/a = 1. This makes possible 
the performance of an inverse composition (subtraction or 
division) within the set. The importance of the group concept, 
which we shall try to show in this book, is that certain sets 
which have nothing to do with numbers, notably sets of 
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geometrical transformations and sets of permutations, also 
have these group properties, and the consequent interchange 
of ideas between these different fields is very productive. 


COMPOSITIONS 


We are already familiar with a number of ways in which two 
elements of a set may be combined to give a third. The elements 
2 and 3 of the set J* of positive integers, for example, may 
be combined in the following ways, among others: 


2+3=5, 23=6 2? =8 3 =9, 
2-3= |, 223.4 
2h3 = 1 (meaning the hef of 2 and 3 is 1). 


Any such rule by which every ordered pair (a, δ) of elements 
of a set S is associated with a unique element c of the set is 
called an operation or composition(*), on the set S, and we 
write a * b = c. Note that — and + are not compositions in 
this sense on the set J*, since some pairs, like (2, 3) are associ- 
ated by them with elements which are not in the set. We say 
in these cases that the set J* is not closed under subtraction 
or division. 

We may also note in passing that the compositions +, " and 
h, are commutative and associative, while none of the other 
compositions used above has either of these properties. The 
power operation is not associative, since for example 
(23)* = 212, while 263) = 281, 


Identity elements 
Observe that, for all a in the set J*, 
O+a=a+0=a, la=al=a, a=a, 

but 14 4a. 

The element 0 is called an identity element for addition, since 
adding it to any element a leaves the element unchanged. 
Similarly 1 is an identity for multiplication. 1 also behaves 
like an identity for the power operation, but only if it is the 


right-hand element of the pair; we shall restrict the term 
‘identity element’ to an element which leaves another unchanged 
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when used on both the right and the left side of the other 
element. The h composition has no identity element. 


Definition An element e of a set S is an identity element for a 
composition * on Sifa*e=e*a=aforallainS. 


Inverse compositions and inverse elements 


We are familiar with the close relationship between the com- 
positions + and —, and between x and +, which are 
exemplified in such formulae as (a + δ) — ὃ = a, and in fact 
we have defined subtraction in terms of addition earlier in this 
book, by the statement that a — 5 is x where b + x = a. But 
it is not easy to formulate a concise definition of an inverse 
composition from these facts; it is better to introduce the 
concept of inverse element. This enables us to dispense with 
such compositions as — and +, which is a considerable 
advantage since these compositions do not obey the com- 
mutative or associative laws. We have, in fact, already proved 
that, for any a and ῥ᾽ in the set J,a — ὃ = a + δ΄, and that 
for a, ὃ in O, a+ b=a.(i/b). 6’ and 1/b are called the 
additive inverse of 6 and the multiplicative inverse of 5, and 
in general we make the following definition: 


Definition An element d is called an inverse of a with respect 
to the composition εἰν d = ἄτα = δ, wheree is an identity 
element for the composition «. 

(Sometimes an element is called a right-inverse if it satisfies 
the first requirement only, and a left-inverse if it satisfies the 
second only, but we shall not use these terms in this book.) 


Exercises 
1. Show that the ποῖ composition is associative. 
2. Consider whether the following compositions in J* are 
commutative or associative, and whether an identity element 
and inverse elements exist. 

1, where αἱ is the lem of a and ὃ: 

min, where a min b is the smaller of a and ῥ: 

max, where a max 4 is the greater of a and 0. 
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3. If M is {1, 2, 3, . . . 12} and (α [{Π] 8) is defined as the 
time ὁ hours after a o "clock, is the set M closed under Γ 17 If 
so, consider the same questions as in Exercise 2. 


4. Formulate a definition of ‘inverse composition’, assuming 
inverse elements to be defined as in the text above. 


5. If the ‘power’ composition p is defined by apb = a’, 
consider whether either of the compositions 4, r can be 
regarded as inverse to p, where aqgb = a'/6, and arb = a!8a ὃ, 


FUNCTION COMPOSITIONS 


Almost all the sets which form groups, apart from number 
systems, consist of elements which can be classed as functions. 
Not all of these functions are like the familiar y=x? or y = sin x 
and it is convenient to adopt a modern definition of function 
which includes a wider class of mathematical objects. 


Definition A function f/: ¥ > Y: x — y is an association 
between the elements of a set X and a set Y such that each 
element x of X is associated with a unique element y of Y. 


The chief difference between this and the older definitions 
of function is that here we take into account the set on which 
the function is defined, distinguishing between the function 
y = x* (or x—> x’) defined for natural numbers and the same 
function defined for, say, the rationals. But what is really 
important in this new definition is that we regard the function 
as consisting not simply of a formula such as x? + 3x — 2, 
but of the whole set of ordered pairs (x, y) which are associated 
by it. In fact, an alternative definition is: 


Definition A function f: X ~ ¥Y:x—y is a set of ordered 
pairs (x, y) such that each x of YX is the first element of one and 
only one pair. 


We shall say that f maps X into Y, or x onto y, and we shall 
use fx to denote the element of Y associated with the element 
x of X, calling it the image of x under the mapping. 
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The diagram of Figure 12 may help to clarify these ideas. 
The function consists of the set of pairs linked by the arrows. 


Fig. 12 A function, 


There are three commonly-occurring ways in which functions 
can be combined, of which the third is the most important. 
The first two correspond closely to ordinary addition and 
multiplication. 


Definition If functions f and g both map the set Y into the 
set Y, and if an addition is defined in Y, then the sum ΚΓ + g 
is defined as the function mapping each x of X onto the 
element fx + gx of Y. 


Definition If functions f and g both map the set X into the 
set Y, and if a multiplication is defined in Y, then the product 
fg is defined as the function mapping each x of X onto the 
element fx - gx of Y. 


The third composition occurs when f maps X into Y, and 
g maps Y into a third set Z. We then have the possibility of an 
x being mapped by / onto its image fx in Y, and this element 
of Y being mapped onto its image g(fx) in Z. Since each arrow 
of f has one and only one end-point in Y, and each point of Y 
is the start of an arrow which has one and only one end-point 
in Z, the mapping x --Ξ g( fx) is a function mapping X into Z. 
This combination of f and g is called function composition, and 
we denote the composite by gof, or simply σῇ. 


Definition If functions /: λ΄ — Y and g: Y + Z are defined, 
the composite (or function-composite), gof or gf, is defined as 
the function mapping each x of X onto the element g(fx) of Z. 


60 ALGEBRAIC STRUCTURES 


Fig. 14 The function gf. 


Figures 13 and 14 illustrate these three compositions. g/ is 
the ‘function of a function’ or ‘substitution’ composition, and 
occurs very frequently. It is, for example, the law of composi- 
tion for permutations, and the law corresponding to matrix 
multiplication, and in this case is distributive over matrix 
addition. 

The + and - compositions are associative and commutative, 
provided the corresponding compositions in Y are. Function 
composition is not necessarily commutative, as will be seen 
in the exercises below, but it is associative, and this fact is 
of far-reaching importance, since it enables a wide variety of 
functions to form groups. 


Theorem Function composition is associative: h(gf)= (hg)f- 


Proof The proof of this theorem is so simple that it is difficult 
to make it convincing. Figure 15 illustrates the situation, show- 
ing the sequence of arrows which starts from a single element 
x of YX. 

Each of the functions /, g, h, gf, hg consists of a whole set 
of arrows like the one shown. It is clear that if we start from x, 
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hg 


es 
Fig. 15 Associativity of function composition: h(gf) = (hg)f. 


there is only one end-point to be reached, whether we travel 
by f and then Ag, or by gf and then /; and this would be true 
from whatever element x of X we started. We may write the 
composite function, without ambiguity, as hgf, and the image 
as hefx. 


Identity and Inverse Elements for Functions 


Functions which act as identities for the + and - compositions 
may be readily found (see Exercise 1 below). The identity for 
function composition is the function which maps every element 
into itself: x —> x; we shall denote this function by the symbol j. 
Clearly jj = j, but j-j maps each x into x*. We have not 
decided so far which of these to abbreviate as 72: let us write j? 
for jj, and j, for j-j. This gives us a convenient notation for 
the functions x ~ x"; we can denote them by /j,, and the 
polynomial function x — x” + 3x — 2 becomes j, + 3] — 2. 
(We write 2 for the function x — 2 for all x.) The inverse of a 
given function, as normally defined, is its inverse under 
function composition. 


Definition The inverse relation f~* of a given function / is 
the set consisting of the reversed pairs of /; it may or may not 
be a function. 


From this it follows that if f~* is a function, then ff~* = 
ff = j. A function whose inverse is also a function is called 
an invertible function. 


Exercises 


1. Show that the function 0, under which x — 0 for all x, is 
an identity for the + composition. What is the identity for - ? 
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2. Show that j3 -j3 = je. Jsj3 = jo. 
3. Write the functions /; sin and sin j, in traditional notation. 


4. If f = 3) — 2, find f~*. Find also a function /_, such that 
fii f=. 


GROUP STRUCTURE 


The landmarks in the historical development of the number 
system were the extensions of the system of natural numbers 
to include first fractions and later signed numbers. Both of 
these extensions may be viewed as satisfying a need to perform 
an inverse composition, + or —, within the system, as well 
as the primary compositions of + and - . Systems in which a 
composition and its inverse can both be performed (or in 
which every element has an inverse element) are important 
in many branches of mathematics; such systems are called 
groups. We use inverse elements in preference to inverse com- 
positions in defining this structure, for the reasons given above. 


Definition A group G, +, is a set of elements, together with a 
composition +, satisfying the following four postulates: 


GI. Closure: For all a, δ in G, a « δ is in G. 
G2. Associativity: For all a, δ, c in G, ax(bec) = (a,b)ec. 


G3. Identity: There is a unique element e in G with the 
property thate+a = a+e=a forallainG. 


G4. Inverses: For each a in G there is a unique inverse element 
ἢ such that dsa = a+ dinG. 


Note that the composition is not required to be commutative. 
Examples of Groups 
1. The set J of integers (positive and negative and zero) is a 


group under addition: the identity is Ὁ and each element a has 
an inverse d. 
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2. The set J is not a group under multiplication; it satisfies 
G/ and G2, and G3 with identity 1, but not G4, since only the 
elements +1 have inverses within the set. 


3. The letters O and £, with composition + defined by the 
following table, form a group. Which is the identity 
element? 


‘108 
o | EO 
E | δ. 


(The entry in the O row and the Ε column is the element O + E.) 


4. The structure {a + 5,/3}, -, with a and ὃ integers, is not a 
group; ifa, bare rational and0 + 0 ,/3 is excluded it isa group. 
If ab e J, {a + b,/3} is closed under multiplication, 
since 
(a + b./3)(a@’ + b’,/3) = (aa’ + 3bb') + (ab’ + a'b)./3 
which is of the form ὁ + d ,/3 with c and a ε J. There is an 


identity element 1+0,/3; but not all elements have inverses. 
For to make 


(a + b,/3) (4 + 6./3) =1+0.,/3 


we must have ad + 3bb = 1, and ab + ab = Ὁ, and, for 
example, if a = 2, ὃ = Ο the first of these gives d= 4 # J. 
If a,b ¢ O, however, the second equation gives 


b/d = — bia (provided a, ἃ # 0) 
and the first then gives, on substitution for 4, 
ad + 3ba(— δα) = 1, 


i( "Ὶ 
or aia- -—]= 
a 
ivin @=+4 7 ΡΝ εἴ ΕΣ 
ΕΙ Ξ “ @ — 3h*’ “ κα" — 3h*? 


provided αὐ ἡ 3b? (since a and b are rational, a? = 3b? is 
impossible). 
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Thus we have, as the inverse of a + b,/3, 
PE TT. Ka 
a — 367 κα" — 367 


(or (1/36)./3, if a = 0) which is of the required form. 
Thus G4 is satisfied; G/ is dealt with as above. G2 follows 
from the associativity of rational numbers. 


Exercises 


1. Show that the set O of rational numbers (positive, negative 
and zero) is a group under addition; and that it is a group 
under multiplication if zero is excluded. 


2. Show that the even integers form a group under addition, 
but the odd integers do not. 


3. Show that the set of all integers of the form 3k, with k 
integral, form a group under addition. 


4, Show that the four numbers +1, +i, form a group under 
multiplication. 


5. Show that the numbers 1, ὦ, οἷ, where ὦ is a complex 
cube root of 1, form a group under multiplication. 


6. If R, stands for a rotation of a body about a fixed axis 
through an angle a, and the operation o means ‘following’ 
show that R, o Rg = R,.,. Show further that the set {R,} 
for all real « with the operation o forms a group, and state 
the identity element and the inverse of R,. 


7. Show that, with the same data, the set of four elements Ro, 
Rxj2, Κα, R3xj2, with operation o, is a group. 


8. Consider a situation in which there are two lamps, X¥ and Y. 
There are four possible states: both off, Χ' on, Y on, both on. 
There are also four possible changes of state which can be 
made: no change, change Y, change Y, change both. Show 
that the four changes of state (denoted by N, X, Y, XY), with 
the operation ‘following’, form a group. 


i ἢ σσνσσυττ ........ Χ00. “-. 
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9. Show that the set of complex numbers of modulus | forms 
a group under multiplication. 


10. Consider the set of all subsets of the set {a, b, c}; there 
are 8 such subsets, including the empty set and the set {a, b, c} 
itself. Show that this forms a group under the composition A, 
the symmetric difference, defined as follows: A A Bis the set of 
all elements in A or in B but not in both. 


11. Show that the set of all subsets of the set {a, b}, with the 
composition /\ defined in Exercise 10, forms a group which 
has a similar structure to that of Exercise 8. 


12. Show that all rational numbers of the form 3" (m an integer) 
form a group under multiplication. 


13. Show that the rational numbers of the form a with 
m, neJ form a group under multiplication. 


14. Show that the set of matrices ( a Pie ) taking all four 
possible combinations of the signs, forms a group under matrix 
multiplication. 


15. Show that the set of four matrices ( re 5}} is not closed 


under multiplication, but together with the four matrices of 
Exercise 14 forms a group of eight elements. 


16. Show that it is unnecessary to postulate the uniqueness of 
the identity element, or of the inverse of a given element in a 
eroup. Show, that is, that the uniqueness of these can be 
deduced from the remainder of the postulates. 


Groups of Functions 


We have shown above that the law of function composition 
(‘function of a function’) is associative. With this as the group 
operation, many sets of functions form groups, and these form 
a very significant class of groups, including, in fact, all 
symmetry and permutation groups. Most of these will be con- 
sidered in detail later; we discuss here a few examples from 
different spheres. 
E 
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a group under function composition, subject to a certain 
restriction on the values of a, b, c, d. State this restriction. 


3. Consider whether the sets of functions (a) x > ax? + bx +c 
(Ὁ) x —> ax® + bx + c form groups. Consider the x’s and 
coefficients (i) in Q (ii) in R. 

, b ; 
4. Show that the set of functions (x, y) +(¢ αὶ () with 
x, y, a, b, c, de R, form a group, subject to a condition (to be 
found) on a, b, c, ὦ. 


The sets of functions: x ax, x >x +b, x ~ ax + b, 
defined for x in the rational field QO, and with a and ὁ in Q 
(a #0), each form groups under function composition. 
Considering the general case fan: x — ax + ὃ, we have, for 
G1, fab ο fab is the function x — x" where x’ = ax + ὃ and 
x’’ = ex’ + d, so that 

x’ =c(ax+ b)+d 
= acx + (bc + d) 
which is of the required form. 

For G3 the identity is the function j: x - x; and for G4, 
f is, from above, f.¢ with ac = 1, bc + d = 0, which give 


5. Denoting the symmetry movements of a rectangle by ἢ 
(reflection in a horizontal axis), v (reflection in a vertical axis), 
r (rotation through 180° in its own plane about its centre) 


c = l/a,d = — bja: the inverse is and J (no movement), make up the group composition table, 
he ς Is this group similar to any previously discovered ones? 
x +s x= : 6. Draw up the table of composition for the symmetries of 


the equilateral triangle. 
Subgroup and Order of a Group 


If a group G,+ contains a set H of elements which themselves 
form a group under +, the group H, + is said to be a subgroup 
of the group G. The group of even integers under addition 
is a subgroup of the group of all integers under addition 
(J, +); and the group {+1, +i}, - isa subgroup of the group 
of non-zero complex numbers under multiplication. 

The order of a group is the number of elements it contains. 


The set of all functions which map the set {1, 2, 3} onto 
itself forms another group, called the group of permutations of 
1, 2, 3 and denoted by P;. The set of symmetries of a 
rectangle (that is, those rigid movements which leave the 
rectangle as a whole occupying the same position) are another 
group, which can be seen to be of the same type, for if the 
vertices are labelled 1, 2, 3, 4, any permissible movement is a 
permutation of these four symbols, with a restriction to those 
permutations which are geometrically possible. These do form 
a group; for two geometrically possible permutations per- 
formed successively are equivalent to a third which is also 
geometrically possible; and similarly for the inverse. These 
two types of group—permutation groups and symmetry 
groups— are discussed in Chapters 7 and 8 respectively. 


GENERATORS AND CYCLIC GROUPS 


Consider the groups {+1, +i}, - and {N, X, ¥, XY}. " of 
Exercises 4 and 8 on p. 64; form the ‘powers’ (with respect to 
the group operation) of one of the elements. 

For instance, i? = — 1,15 = —i,i* = 1,i° =i,i® = —1,... 
and Y7=N, ¥Y°= Y, Y*=N,Y°=Y,... 

In the first case the powers of i include all the elements of 
the group; we say that the element i generates the group. In 
the second case the element Y does not generate the group, 
and it may easily be verified (do this) that no other single 
element generates the group. This group is, however, generated 


Exercises 


1. Show that the sets of functions x ax, and x >x +b 
(x, a, be R) (a τὲ 0), form groups under function composition; 
find identities and inverses. 


2. Show that the functions x — = 


+ 4 (x, da, b, C, de R) form 
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by the two elements X and Y; since ¥? = Y* = (XY)? =N, 
all the products and powers of X and Y reduce to N, X¥, Y or 
ΧΥ. 

A group which may be generated by a single element is called 
a cyclic group. 

Every element a of a group G forms, together with all its 
different powers, a cyclic subgroup of G (which may be the 
whole group G). The order of this cyclic subgroup is called 
the order of the element a. Alternatively, the order of the element 
a may be defined as the smallest positive integer m for which a” 
equals the indentity. 

(If the group G is finite, the order of every element is a 
divisor of the order of the group. This is Lagrange’s Theorem, 
which will be proved in Chapter 6.) 


Exercises 


Consider the groups described in the last two sets of exercises. 
In each case, find cyclic and non-cyclic subgroups (where 
possible) and sets of generators. Note the orders of the sub- 
groups found, and compare them with the orders of the 
groups. 
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RESIDUE CLASSES, GROUPS, RINGS 
AND FIELDS 


CONGRUENCES 


Consider the arrangement of the integers into six columns 
shown in Figure 16. 


o | 2 Seal re) 4 | 5 


ΤΉ EP ie | 7 
-6 | -5 | -4 -ϑ -2 | =1 
ὃ. δ δον. ities. +e Bal ws 
iy | δ 591 0 ἢ 
12.113} 14 | 15. 16 1 
7 5.1} 30) «1: 


Fig. 16 Residue classes modulo 6. 


Observe that any two numbers in the same column differ by 
a multiple of 6; and that any two numbers in the same column 
leave the same remainder on division by 6. We describe this 
by saying that numbers in the same column are congruent 
modulo 6, 


Definition The integers a and 6 are said to be congruent 
modulo m1, written a = b (mod m), ifa = δ + km, where k is 
an integer. 

Exercises 

1. Verify that 17 = 2 (mod 5), — 3 = 15 (mod 9). 


2. Verify that 1, 10, 100, 1000 are all congruent to each other 
modulo 9, 
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3. State two integers congruent to 3 (modulo 11) and two 
congruent to —1 (modulo 4), 

Let us label the columns of Figure 16, as shown, writing 0 
to stand for the set {—6, 0, 6, . . .} and so on. We shall 
investigate this table further. 

The columns of Figure 16 are called residue classes modulo 6, 
and we shall denote them by ὕς, 1,¢, 2,, . . . 5; the suffix 6 will 
be omitted when the modulus is obvious from the context. 


Exercises 
1. Note the residue class modulo 6 to which each of the 
following integers belongs: 


13, 20, 33; 551,62. 69; 19, 8, 27; 
8, 15,23: 20,33, 53; 8, 16,24; 15,10, 25, 


Write a note about what you observe within each set of 
three numbers, and give a reason if possible. 
2. Do the same with the following sets of integers: 
8,9, 72; —3, 10, —30; 3,7,21; 9, 5, 45. 


Again make a conjecture about what you observe; make up 
some similar sets of integers to test your conjecture further; 
and try to prove it. 


The above investigations lead to the following theorems: 
Theorem If a = 5 (mod m) and ὁ = d (mod m), 


then 
a+e2=b6+d(mod»m), 
a—c=b—d(mod m) 
and ac = bd(mod m). 


Proof We havea = ὃ + kmandc = ὦ + k'm with k, k’ 
integers; hence 
atc=b+d+(k+k')m, 


and so a+c=b-+ d(modm), 
and similarly for subtraction. 


7 
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Also ac = (ὃ + km) (ὦ + Κ' πὴ 
= bd + (kd + k'b + kk'm) m; 
thus ac = bd (mod m). 


Note that congruences cannot, in general, be divided: for 
2 = 8 (mod 6), while 1+ 4 (mod 6). It can, however, be proved 
that if c and m have no common divisor, then 


a = b(mod m) = a/c = b/c (mod m), 


provided of course that a and b are both multiples of c. The 
proof of this is left as an exercise. 


Applications of Congruences 


Divisibility Tests It is well known that a number is divisible 
by 3 if the sum of its digits is divisible by 3, and by 4 if its last 
digit-pair is divisible by 4. All such tests can be discovered and 
proved by the use of congruences. 


Example 1. To show that, in base ten, the number N, with 
digits abcd is divisible by 4 if the number with digits cd is 
divisible by 4. 


We have 
N =d+c.10 + 5.102 + a.10° 


=d-+c.10 + 5.0 + αὐ (mod 4) 
= the number with digits cd. 


Thus Ν and the number with digits cd leave the same remainder 
on division by 4, and hence if one is exactly divisible by 4, so 
is the other. 


Example 2 To show that N (= a, 4,-1 . « - ἂι @o), and the 
difference between the sums of the digits ‘taken alternately, 
(do Haz + a+...) -- (αι +a; Ἕ ἂς +...) 
leave the same remainder on division by 11; that is, that 
ΝΞ (a9 + a2 +...) — (αὐ + ἄς... ἡ (mod 11}. 
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We have 10 = —1 (mod 11) so that, by the theorem above, 
10? = (—1)? = 1 (mod 11) 

10° = 107.10 = 1. —1 = —1 (mod 11) 

and so on. So we have 


N = dp + .10 + a,.10? + ...a,10" 
= dy + a,(—1) + a2.(1)... + a,(—1)" (mod 11) 
= (dg + 22+...) -- (αι Ἔ ας 4+ a 
as required. 


I 


and 


Exercises 


1. Prove tests for divisibility by 3, 9, 8, 99, 41 in base ten. 
2. Find tests for divisibility by 5 and by 51... (= 3lj¢en) in 
base 6. 


3. Find tests for divisibility by various numbers, such as 11, 
100, 101, 110, 111, .. . in base two. 


Checks for Calculations Congruences may be used to check 
lengthy calculations, including those performed by machines. 


Example 3 Check 8,297 x 3,583 = 27,928,151. 
Check modulo 9: 
8,297 =8+2+7= —1 (mod 9), 
3,583 =3+5+8+3 = 1 (mod 9), 
27,928,151 =2+8+1+5+1= —1 (mod 9), 
and since —1 x 1 = —1 the product given is either correct or 
differs from the correct product by a multiple of 9, 
We will make a further check modulo 11: 
8,297 = (7 + 2) — (9 + 8) = 3 (mod 11), 
3,583 = (3 + 5) — (8 + 3) = 8 (mod 11), 
27,928,151 = 11 — 24 = —2 (mod 11), 
3 x 8 = 24 = +2 (mod 11), 


so there is an error. 


but 


ow By 
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(The correct product has the 7 and 9 interchanged; it is 
worth noting that this type of error is undetected by the 
modulo 9 check.) 


Checks modulo 99 and modulo 101 are particularly valuable 
as they are easy to perform, and for an incorrect result to 
remain undetected by both tests it would need to differ from the 
correct result by a multiple of 99.101: an unlikely event. 


Exercises 


1. Check 7,342 x 2,591 = 19,032,122 modulo 9 and modulo 
21. 


2. Cheek 728,223 x 5,535,064 = 4,030,760,911,272 
(a) modulo 9 and modulo 11: (Ὁ) modulo 99 and modulo 101. 
Comment. 


3. Do some calculations on a machine and check them. 


4. Prove that, if checks modulo a and modulo 6 are success- 
fully applied to a calculation, the result is correct modulo ab. 


RESIDUE CLASSES 


We now return to the investigation of residue classes with 
which we began this chapter, and formulate the conclusions 
which might be drawn from the exercises on p. 70. 


Theorem If A and Bare residue classes modulo m, then all the 
integers c which may be obtained as the sum of an integer of A 
and an integer of B lie in the same residue class C. This class C 
is called the ‘sum’ of the classes A and B, and we write 
C=A+B. 

Similarly, there is a class D containing all products of an 
integer of A with one integer of B, and it is called the product 
of the residue classes A and B; ἢ = A.B. 

Moreover both these compositions are associative and 
commutative, and multiplication is distributive over addition. 
The proofs are left as exercises; they follow directly from the 
basic theorem on congruences on pp. 70-71 
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Exercises 
1. Prove the division of congruences, stated above (p. 71). 


2. Prove the existence of a unique sum and product for two 
residue classes as stated above. 


3. Prove that the compositions -+- and * for residue classes are 
associative, commutative and distributive. 


4. Verify that the addition and multiplication tables for the 
residue classes modulo 6 are as shown in Figure 17. 


+ 0132345 . ack 2. 3 ἃ αὶ 
δ ὃ ὁ 2 αὶ 4 ἃ 01000000 
1 12 3 4 δ. 9 rie 1 2 3 4 85 
2123 4501 2 18 2 4 0 2 4 
3.ϑ 13 4 5090 1 2 310 3030 93 
4 | as @ 1 2 3 a Ι|ῦ 4 2 4 2 
> Tove 2s 5. 5S Ιῦ 5 4 3 21 
5. 17 Addition and multiplication tables for 
residue classes modulo 6. 


5. Verify the truth of the associative and distributive laws in 
some particular cases in the tables of Figure 17, for example 
oo 4 + (2 +3); 4.(2.3) = (4.2).3; 4(2+43) = 


Investigation 


Consider how far the usual arithmetical operations can be 
performed in the system of Figure 17. Is subtraction possible? 
If 2 — 5 is to be an element x such that 5 + x = 2, is there 
such an x? Look at the table: we need to look along the row 
belonging to 5 and to find 2 . . . Answer, x = 3. Can any 
number be subtracted from any other? 

Since 2 -- 4 = 0 we can say that 4 is the additive inverse of 
2, and write ~2 = 4; but we are not thereby introducing 
‘negative numbers’ into the system, since the number we 
need, 4, is there already. Find the additive inverses of the 
other elements of this system. Note that we can use these 
inverses for subtracting, since 3 - 4 = 3+ [4 -- 3. 2 - 5. 
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We also have powers; 3* can be defined as 3.3.3.3, which 
is 3. In fact 3" = 3 for every natural number ἢ. Verify that 
22 -- 4, 23 =2, 2*=4 =4, 2° = 2, and so on; and list 
the powers of 4 and 5. 

We cannot, however, divide any number by any other. 
If 2 + 4 is x, where 4.x = 2, then the table gives x = 2 or 5; 
but 2 = 5 does not exist, since 5.y is not 2 for any y. 

We may conclude from this investigation that the set of 
residue classes modulo 6 forms a group under the com- 
position +. It is not a group under +. We shall denote this 
set of residue classes by the symbol J,. The structure οἷς, +, ° 
is called the finite arithmetic modulo 6. 


We next investigate the structure J;. The tables are shown 


in Figure 18. 
ΒΕ 3.4 ἐπ te 5. ΘΠ Ν, 
0 34 0/00000 
1 4 0 1091 25 4 
2 0 1 ΣΝ 2 ἃ ἢ 8 
3 1 2 3°70 31 42 
4 2 3 ἃ Oo 4321 
Fig. 18 Tables for J;. 


Investigation 


1. How does J, compare with J, with regard to addition? 
Can you find additive inverses for all elements? 


2. Show that (a) the powers of 2 and 3 include all the non-zero 
elements, (b) the powers of 4 are all 4 or 1, (c) x* = 1 for every 
element x except 0. 


3. Show that every element a, except zero, has a multiplicative 
inverse 4. Ἶ such that a.a~* = 1, and hence that division is 
possible by any element except zero. 


4. Solve a number of linear equations, such as 2x = 3, 
3x - 4 = 2 and others; can every such equation be solved 
in J;? 
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5. Try solving some quadratic equations, such as x? = 2, 
x? + 4 = 2,x* 4+ 3x +2=0, and others. Can every such 
equation be solved? What deterifines whether or not a 
quadratic can be solved in J,? 


6. Can all cubics of the form x* = a be solved in J,? 


From this investigation we conclude that: 
Gi) The structure οἷς, -- is a group. 
(ii) The structure Js, - is not a group, but it becomes a group 
if the zero is excluded. We shall denote this by J, *, the 
4 indicating the number of elements remaining in the set. 
A structure like J; is called a field; Js is not a field but it is 


an example of a ring, a structure which is a group under 
addition and also has multiplication. 


Further conclusions are: 


(11) All equations of the form ax + b = ¢ are soluble in Js, 
provided a + 0. 


(iv) 1 and 4 have square roots, but 2 and 3 do not. 


This last may be compared with the situation in the system 
of real numbers. Just as the latter can be extended to make 
the system of complex numbers, so J; can be extended to 
include square roots for every element of the set. This will be 
considered in Chapter 9. 


A Multiplicative Group from J, 


Although J, does not give a group under multiplication by 
the exclusion of 0 alone, a group can be obtained if the 
elements 0, 2, 3, 4 are all excluded; this leaves just 1 and 5 
with the multiplication table shown in Figure 19. It may be 
denoted by J?, - , and it is a group. 


1 5 

1.5 
ΕΗ: 
Fig. 19 The group Je os 
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Exercises 
1. Write out the addition and multiplication tables for the 
finite arithmetic modulo 4 (J,). Show that the elements 1, 3, 
form a group under multiplication (the group J?, -). Note the 
similarity in structure between this and the group J?, -. 


2. Extract similarly the multiplicative groups from the 
arithmetics Js, Jo, J;2, Show that they all contain 4 elements. 


GROUPS, RINGS AND FIELDS 


We now summarize the results of the above investigations, 
giving definitions and proofs. 


Definition A ring R, +,-is aset R of elements, together with 
two compositions +, -, satisfying the following axioms: 

ΚΙ. Ris acommutative group under the composition +. 
R2. Ris closed under the composition -. 

R3. The operation " is associative, and distributive over +. 


Definition A field F, +, - is a set F of elements, together 
with two compositions +, -, satisfying the following axioms: 
Fl. Fis acommutative group under +. 


F2. If 0 (the identity for +) is excluded, F is a commutative 
group under -. 


Ε3. -is distributive over + ; that istosay,a(b + c) = ab + ac 
for all a, ὃ, c, in F. 

Exercises 

1. Show that the structure J, +, " (signed integers, with the 

usual addition and multiplication) is a ring. 


2. Show that the set of all multiples of a given integer m, 
with + and -, is a ring (a subring of the ring J, +, -). 


3. Show that the structure of all polynomials with coefficients 
drawn from a ring Κα, is a ring. 


4. Show that the structure O of rational numbers is a field. 
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5. Show that the real numbers and the complex numbers also 
form fields. 


6. Show that the set of numbers a + δ. 3, where a and ὃ are 
rational numbers, is a field. State the zero, the unit, and the 
multiplicative inverse of a + b./3. 


Theorem The set J,, {0,,,1n,..-.(m— 1),}, of residue classes 
modulo m, with the compositions of residue class addition and 
multiplication (see p. 73) forms a ring, called the ring of 
residues modulo m. 


Proof The residue class compositions +, ", are associative, 
commutative and distributive ( over +); this follows from 
the corresponding properties for the compositions +, - for 
integers. We give one proof in detail: the others are simular. 
Consider the classes A. (B + C) and A. B+ A.C. Theclass 
B + C contains all integers of the form ὃ + c, with be Band 
ce C. Thus A.(B+C) contains all integers of the form 
a(b + c) (ae A). But these are precisely the integers of the 
form ab + ac, which constitute the set A.B + A.C. Thus 
A.(B + C)=A.B+A.C. It remains to prove that R2 
and the rest of RJ are satisfied. 

For R2: There is certainly a class A.B containing the 
product ab of any two elements of A and B respectively; and 
this is unique, since if a,, a, are any two integers of A, and 
b,,b2 any two integers of B, we have a, = a, (mod m) and 
b, = δ. (mod m) so that a,b, = a,b,, by the Theorem, on p. 70 
and hence a,b, and a,b, are in the same residue class. 

For ΚΙ: (cf. Gl-4 on p. 62). The class 0,, is an additive 
identity, since the class 0,,+ A contains every element 
a=0+a of A, and so 0,,+ A= A. And the class, A say, 
which contains m — a, is the unique additive inverse of a, 
since A ἜΑ contains the integer (m — a) + a = m, and so 
is the zero class 0,,. This completes the proof. 


Theorem The ring of residues J,, where p is prime, is a field. 
(It is sometimes called the Galois Field GF(p).) 


Proof We have already proved J, to be a ring; it remains only 
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to show that, with zero excluded, J, has an identity element 
and inverse elements for multiplication. It is immediately 
clear that the class 1 is a multiplicative identity. For inverses, 
we have to show that, for every class A except 0, there is a 
class B such that A.B = 1. 

Consider the classes A.1,A.2,A.3,...A.(p — 1;) these are 
the classes containing the integers a.1,a.2,...a(p — 1), where 
ais any integer of A. These classes are all distinct, since no two 
of these integers are congruent modulo p; if they were, we 
should have 

ar = as (mod p) 
and hence a(r — s) = 0(mod p), 
that is a(r — s)is a multiple of p. 


Thus either a or r — s would need to be a multiple of p; this is 
impossible, since r and s are both between 1 and p — 1, and 
ae A, which is not the zero class. 

Thus the p — 1 classes A.1, A.2,A.3,...A.p—Ilare 
all distinct and so consist of the classes 1, 2,...p — lin some 
order. One of them is therefore 1, as required. 


GENERAL PROPERTIES OF GROUPS, RINGS AND FIELDS 


Much of the more developed theory of groups, with which 
we shall be concerned in subsequent chapters, applies only to 
finite groups. We include here those properties which apply to 
all groups, along with the most general properties of rings and 
fields. 


Group Properties 

Theorem: Cancellation Law In any group G, *, 
a*b=aec>b=c 

and a*ec=bhbec>a=b. 

Proof axb=axc= dx«(a+b) = d*(a*c) by G4 


=exb=exc by G2 and G4 
-Ξ. δ Ξε by G3. 
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The proof of the other assertion is similar. Note that the 
cancellation law is true in some systems which are not groups, 
for example in the structure N, + of natural numbers. 


Theorem: Inverse of a Composite In any group G, +, 


(axb) = δ τ ἃ. 
Proof (6 « δ) « (α - 8) τε  « (ἃ « αὐ Ἐ Ὁ by G2 
τε δὰ by G4 
ΞΞι ὃ by G4, 


so that ᾧ + d is a left-inverse for a « b. 

Similarly (a + δ) « (6 « a) = e, so that 5 « ὦ is also a right- 
inverse, and so satisfies the requirements of G4 for an inverse 
of a *b. Moreover, in a group any inverse ¢ of an element c 
is unique, since if ¢ and ¢’ are both inverses of c, we have 
f*c =e = Zé το, and by the cancellation law ¢ = ζ΄. 


Theorem: Solution of Equations In any group G,*, the 
equations a+ x = b and y+*a = b have unique solutions. 


Proof aex=b=>dtaex= deb=>x= deb, 


using G2, 4. 
Similarly yea=bo>y=bea. 
Ring Properties 
Theorem In any ring R+,-, αἱ = 0 for alla. 
Proof a.a+a.Q0=a(a+0) by R3 
=da.d since 0 is identity for + 


=a.a+0O0 since 0 is identity for +, 


‘so by the cancellation law for +, 
a.0= 0. 


Exercises 

1. Verify that the equalities αὖ — b> = (a + b) (a — δ) and 
(a + by? = a* + 2ab + DB? are true for elements in any com- 
mutative ring. 
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Field Properties 


Theorem In any field F, +, - ,(i) the general linear equation 
ax + b = c has a unique solution, provided a # 0; (ii) the 
general quadratic equation ax” + bx + c = 0, with a # 0, may 
be reduced to the form(x +h)? =k. - 


Proof We prove (ii), leaving (i) as an exercise. 
ax? + bx +c=0 
=> x +(z).» a 
a, a 


where 1/a is written for α΄, 


ie as c. 5 
=(x+5,) =~ at ae 


= ( ¥ i δ᾽ ‘ = b* — 4ac 
2] 462 
which is of the required form. 


The reader should check that the manipulations required at 
each step are possible in any structure satisfying the field 
postulates. Note that the further solution of the equation 
requires that the element (b? — 4 ac)/4a* should have a square 
root in the field F, and this is not so in general. 


Exercise 


Find which quadratic equations with coefficients in J; may 
be solved completely in J;, and which cannot. 


Notation for residue classes 


When we are studying the properties of the structure J,,, +, +, 
the fact that its elements 0,,, 1, 2, ... are actually residue 
classes is of no importance once it has been used to establish 
the composition tables for -- and - . What we are studying 
is simply a set of elements with certain composition relation- 


F 
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ships. We shall therefore abandon the former notation and 
denote these elements by the symbols 0, 1, 2 etc., and the 
compositions by ordinary + and - signs. It should be remem- 
bered, however, that the meaning of these symbols depends 
on the structure under consideration; for example, 3 + 3 = 
1 in Js, + but3+3= 2 in Ja, ae 


ISOMORPHISM 


Let us collect together for study the various groups of order 4 
found in previous sections (p. 75 and p. 77 Exercise 2). The 
composition tables for these are shown in Figure 20. 


It, - 


τοῦ 12] 1 5 71} 


Ϊ le ἃ 711] 

5 se ee OF 

7 Τ1ῖ 3 

1] ἡ Sod 
pao , Jia" 


Fig. 20 Some residue groups of order 4. 


Let us look for similarities among these tables. J and J* 
show a close resemblance to each other. In fact, aides the 


mapping 


ΠῚ Baye τῇ 
+ ¥ Δ 
δ᾽ oy ay 


RESIDUE CLASSES, GROUPS, RINGS AND FIELDS 83 


the first becomes exactly the same as the second. On inspec- 
tion, it is clear that a similar relationship exists between 
J? and J, a possible mapping being (1, 2, 3, 4) > (1, 3, 7, 9). 
We have observed this resemblance visually, but it is clear that 
its basis lies in the fact that the structure of relationships 
among the elements of the two groups is the same; that is to 
say, that if a—+ A, b> B and ὁ -- ΟἽ under the mapping, 
and if a+b τ in the first group, then A * B = C in the 
second (+, * being the compositions in the two groups). We 
call such a correspondence between two groups an isomorphism. 
Now consider Figure 21, which shows the table Rs arranged 
with | the elements in the order 1, 2, 4, 3. The visible similarity 
to mS > has disappeared, but the structure of the group, that is 
the relationships among the elements, is unaltered. The iso- 
morphism still exists although it is not visually obvious. 
Something else, however, has become visible—compare 


| 


ἀϑδι.1 2423 
tic. τῇ 
2͵ 2 4 3 3 
ot ae se ee 
ioe ἢ ἃ 


Fig. 21 The group J} , ", rearranged. 


Figure 21 with the first table of Figure 20. We have an iso- 
morphism between J,, + and Ji, +, with (0, 1, 2, 3, +) > 
(1, 2, 4, 3, *). 

We have now shown that among the groups of Figure 20, 
there are only two basically different structures. Can we 
perhaps show that these two are isomorphic, reducing to a 
single basic structure? So far our method of detecting iso- 
morphisms has been by trial and error; we might try re- 
arranging the positions of the rows and columns of the tables 
to see if we could observe further correspondences. In a later 
section we shall develop a more systematic method of seeking 
isomorphisms, using the generators of the groups; for the 
present it is sufficient to observe that J, and υ- cannot be 
isomorphic, since (i) any isomorphism must have τ - 1, and 
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(it) the elements 3, 9 of JA p> Whose squares are not 1, must > 
elements of Is » Whose squares are not 1, and no such ‘elements 
exist. Thus the two 4-element group structures we have found 
are essentially different. 

It is useful to have ways of describing these two structures; 
this can be done by stating a set of generators and the relation- 
ships among them. One of these groups is cyclic, consisting 
of an identity 1 and elements a, a*, αὐ, with αὐ = 1: it is 
denoted by C,. The other has elements 1, a, b, and ab, with 
a =b?=1 and ab= ba (this implies (ab)? = 1); it is 
denoted by D,, for reasons which will appear later, and is also 
known as Klein’s four-group. The tables of these two ‘abstract 
groups’ are shown in Figure 22. 


| 1 a 6) «ab 
l lab αὐ 
a a 1 abb 
b | ὃ abla 
ab, abba 1 
D, 


Fig. 22 The two abstract groups of order 4. 


Definition An isomorphism between two structures S, « and 
S', * is a one-one mapping of S onto S’ such that, for all 
a, δ, cin S, ifa - A,b > Band c— C, and if a+b = c, then 
Ax B=C., 


Definition An automorphism is an isomorphism of a structure 
onto itself. 


Exercises 


Show that (1, 3, 5, " — (1, 7, 11, 5) is another isomorphism 
ect Ji, and J*,:. Find a third. How many are there 
altogether ? 


2. = that there are just two isomorphisms between h pe 
and ik 


3. es two isomorphisms between J;, + and J, -. 
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4. Give values to a and b to show that Ya "is an example of 
the abstract group D,; show similarly that J+ ,:andJ,, + are 


examples of C4. Ἶ 


5. Show that the mapping (1, a, αὖ, a®) > (1, αὖ, a?, a) is the 
only automorphism of the group C,; find two automorphisms 
of D3. 


GENERATORS AND SUBGROUPS IN RESIDUE GROUPS 


Example: Investigation of the group J τ 


The group has six elements 1, 2, . . 6. We shall see what can be 
discovered without writing out the full composition table. We 
first seek generators. 


25 --4, 25 -- 4.2- 1. 
‘, 2 is of order 3. 
37? = 2: so 3* = 4, 3° =1 while 3° =6, 3° - 5, 
and so 3 is a generator of the whole group. 


Elements 1 2 3 4 5 6 
3° 37 3! 3¢ 3 3 
Orders Ὁ 3 & 3 ὁ 2 


This is a cyclic group of order 6. All such groups are isomor- 
phic, being represented by the abstract group C, with elements 

1, a, a’, a’, οἷ, α΄, with a® = 1. 

’ The element 5, being of order 6, is also a generator of the 
whole group: we have: 


1 2. S16 fo © 
SSS δὲ δ᾽ 85 


The mapping 3" > 5", that is (1, 2, 3, 4, 5, 6) — (I, 4, 5, 2, 
3, 6), is the only non-identical automorphism of the group. 

There are subgroups; {1, 3°} and {1, 37, 3*}, that is {1, 6} 
and {1, 2, 4}. 

We note that the orders of these subgroups are 2 and 3, both 
divisors of 6. 
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Exercises 


1. Make similar investigations of the groups J$, -, J3, +, 
εἷς: T, Je ἣν 


2. Show that, of the groups ὕδ, -, δ,» JZ, 5, two are 
isomorphic. Show that one of the structures represented is 
the abstract group generated by elements a, b, c with α = 
b* = ει = 1 and each element commuting with each other 
(ab = ba, ac = ca and so on). Give defining relations for the 
other abstract group. 


3. Show that the groups J,,, +, for any m, are all cyclic and 
generated by the element 1. 


6 
COSETS AND LAGRANGE’S THEOREM 


In the group J, -, the set {1, 6} forms a subgroup. The other 
four elements of the group may be divided into two sets of two 
elements each of which have a close connection with the sub- 
group; they are called cosets with respect to the subgroup 
{1, 6} and are formed as follows. Any element of the group is 
taken, and is used to multiply each element of the subgroup; 
the resulting set.is called the coset ofthat element with respect 
to the subgroup. Thus, in this case, the coset of the element 3 
is the set {3.1, 3.6}, that is {3, 4}; and the coset of 4 is the set 
{4.1, 4.6}, which is {3, 4} again. The coset of 2 is {2, 5} and 
that of 5 is the same. The cosets of 1 and 6 are both the sub- 
group {1, 6}. The most important fact about cosets is immedi- 
ately apparent here: two cosets (with respect to the same 
subgroup) are either the same, or else have no elements in 
common. This fact will have to be investigated later, and it is 
the basis of the proof of Lagrange’s Theorem, but we shall 
not pursue it now. 


Definition If H is a subgroup of a group G, and ais an element 
of G, the set of elements a τ h, where ἢ runs through every 
element of H, is called the left-coset of a with respect to H: it 
may be denoted by a * H. (The right-coset H * a is defined 
similarly ; in a commutative group the right- and left-cosets are 
the same.) 


Exercises 
1. Find the cosets in J$, - with respect to the subgroup 
{1, 2, 4}. 


2. Find the cosets in J!° 


ip ° With respect to the subgroup 
£1, 10}. 
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3. Find the cosets in Jg, + with respect to the subgroups 
{0, 3} and {0, 2, 4}. 


4. In Figure 24, verify that the cosets shown are correct, and 
obtain the right-cosets with respect to the subgroup {1, p}. 


5. Find subgroups and cosets in the groups C, and ἢ; (see 
Figure 22). 


An Illustration of Cosets 


Consider the second diagram of Figure 23. The elements of 
the group J®, - have been allocated to the vertices of a suitable 
regular figure so that rotation through 60 degrees corresponds 
to multiplying by 3, in every case. To do this, we have only 
to express each element as a power of the generator 3 and 
number the vertices 1, 3, 32, 3°, . . . in succession. Looking 
now at the third diagram, consider what happens if we start 
with 1, and multiply successively by 2. We go to 2, then to 4, 
and then back to 1; we have linked the numbers of the sub- 
group {1, 2, 4} generated by 2. If we start at one of the other 


2 


2.6 
a-6a ind.,® 


Fig. 23 Regular polygons and cosets in some finite groups. 
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points, say 5, and multiply successively by 2, we go to 3, to 6, 
and then to 5 again: we have linked the numbers 5.1, 5.2, 5.27, 
that is, the numbers of the coset of 5 with respect to the sub- 
group {1, 2, 4}. Thus, in this figure, the subgroup and the 
coset are represented by two triangles, which we may perhaps 
describe as forming a ‘broken’ regular hexagon. The fourth 
diagram shows the result of multiplying successively by 6: the 
hexagon here breaks into three double-lines, representing the 
cosets with respect to {1, 6}. A similar investigation of the 
cosets in the additive group J,, + may be performed using 
the first diagram of Figure 23. 


Exercises 


1. Make similar diagrams for the groups Js, + and J7%, -, 
exhibiting the cosets as parts of the ‘broken’ regular polygons. 


2. Investigate the important property of cosets referred to 
above, that they are either the same or have no common 
elements. Try to formulate reasons for this. 


3. Show that the cosets in J, + with respect to the subgroup 
{3k} are the residue classes {3k + 1}, {3k + 2}, {3k} or 


4. Show that, in the division of 2 by 7 to give a repeating 
decimal, the remainders are congruent to 2, 2.10, 2.107, 2.10° 
and so on, mod 7, and so consist of the members of the coset 
of 2 with respect to the subgroup generated by 10 (that is, by 3) 
in the group J, -. 


5. Show that the subgroup generated by 10 in the group J{;, - 
is of order 6, and hence that the remainders in the divisions 
to find repeating decimals of the 13ths fall into two cosets of 
6 elements each. Thus each of this set of decimals has one of 
two 6-digit cycles. 


6. Show that, in the sroup of functions RR: x > ax + ἢ, 


for all a,b ας R, the set x > x + b forms a subgroup, and the 
coset with respect to this subgroup of a function x ~ Ax + B,.» 
with fixed A,B, is the set x ~ Ax + b, for fixed A and all 
possible b, If these functions are represented by their graphs 
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with respect to Cartesian axes, show that such a set of cosets 
is represented by a family of parallel lines of gradient A. 
Consider also the cosets with respect to the subgroup x —> ax. 


LAGRANGE’S THEOREM 


In this section we are inquiring into the relation between 
the numbers of elements in a group and in its subgroups, that 
is, between the order of a group and the order of its subgroups. 
We can only do this, of course, in the case of finite groups. 
The group C, of order 4, has one subgroup of order 2, {1,82}, 
while D,, also of order 4, has three subgroups all of order 2, 
{1,4}, {1,8}, {1,48}, (Figure 22). The isomorphic groups υἷε, 
+ and J®, -, of order 6, have subgroups of orders 2 and 3. 
It appears that the order of a subgroup is a divisor of the order 
of the group, and this is in fact what Lagrange’s Theorem 
states. A proof may be constructed using the properties of cosets 
with which we are now familiar: for we have seen that a sub- 
group of ἢ elements divides the elements of the group into 
cosets, each containing / elements, so that every element of the 
group appears in one and only one coset. The order of the 
group must therefore be an integral multiple of A, the order 
of the subgroup. It remains only to prove that these assertions 
are true in general, and not only in the particular cases we 
have observed. 


Theorem (Lagrange) If H, of order m, is a subgroup of a 
finite group G, of order n, then m divides n. 


Proof Every left-coset with respect to H contains m distinct 
elements, for a*h, = a * h, > h, = 2, so that each distinct 
member of H gives a distinct member of the coset: thus each 
coset contains m elements. Next, every element of G is in some 
coset: in fact, since the subgroup H must contain the identity e, 
the element a = ae is in the coset of a. Finally, no element 
can be in two different cosets: for if an element c is in the cosets 
of two elements a and b, we have c= ah, andc = βὰν h, 
where ἦι, hz are element of H. Thus b = c*h, = ἃ αὶ ἢ κὶ h, 
= a* hz, where h, is an element of H, showing that a and b 
are in the same coset, and therefore that the cosets of a and ἢ 
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are identical. Thus the ἢ elements of G can be divided exactly 
into sets of m elements each: so m must be a divisor of ἡ. 


Direct Product Groups 


Consider the set of ordered pairs (x, y), where x e Q,- and 
yeJ,+. This set forms a group under the operation « 
defined by (4,1) * (2,2) = (1X2, γι + Ya). The same 
applies if x and y are members of any groups, for example if 
xe {1, a}, +, witha? = 1, and ye {1, 5, b?}, -, with b? = 1. Such 
a group of pairs formed from two groups G, H is called the 
direct product group G x H. 

It may be proved generally (see Ledermann, p. 46) that a 
direct product group may be represented, not only as a set of 
pairs, but also as the group generated by the products of 
elements, one from each group, elements from the two groups 
being taken as independent of each other and so commuting. 


Exercises 


1. Show that the direct product group C, x (3 described 
above is isomorphic to the group generated by two inde- 
pendent, and therefore commuting, elements a, δ, with αὖ = 
b* = 1; show also that this group contains elements of order 6, 
and thus that it is isomorphic to C¢. 


2. Show that the group C, x C, is isomorphic to the group 
D>. 


Possible Structures for Small Groups 


In a previous section we examined a number of groups of 
order 4 and found them all isomorphic to one of two abstract 
groups, C, and D, (Tables, Figure 22). We also found it 
possible to describe these two groups completely by specifying 
the relations satisfied by their generators: C, is generated by a, 
with a* = 1, and D, by a and 3b, with α = b* = 1, and 
ab = ba. We shall now show that these two are the only 
possible abstract groups of order 4, and consider similarly the 
possibilities for other orders. 


First, the condition expressed in Lagrange’s Theorem on the 
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order of subgroups of a finite group, is at the same time a 
condition on the order of the elements of a group, since the 
order of an element is the order of the cyclic subgroup con- 
sisting of all the distinct powers of the element. Secondly, for 
any given order n there is at least one possible group—the 
cyclic group C,, generated by a single element a with a" = 1. 
Next, for a prime order p the cyclic group C, is the only 
possible group, since Lagrange’s Theorem requires that the 
order of every element shall be | or p, and any element except 

1 will therefore generate the whole group. 

This deals immediately with groups of orders 2 and 3, the 
only groups being {1, a} with αὖ = 1, and {1, b, 62}, with 
δ᾽ = 1: the groups C, and C;. For order 4, we already know 
of two groups, C, and D,, and we now consider whether any 
others are possible. Lagrange’s Theorem tells us that the orders 
of the elements must be divisors of 4, that is 4 or 2. If there is 
any element of order 4, it will generate the group, which 
will thus be C,. So to get a different group, all the elements 
except 1 must be of order 2. It is easy to show that the only 
possible group in this case is D,; for, considering a generating 
set to include two elements a and ὁ (there must be at least two 
to avoid a cyclic group), if we consider their product ab we 
have 


ab = (ab)™' 
(since ab must be of order 2, and so equal to its inverse) 
= b ἴα 
= ba 


(since a and ῥ, too, are equal to their inverses). 

We have thus proved that any group of four elements, three 
of them being of order 2, contains an a, a b and an ab, and 
that ab = ba. This is sufficient to obtain the whole composition 
table and to see that it is identical with that of D,. 

For order 6, we have C,, and any other group must have 
elements of orders 2 or 3 only. An extension of the argument 
of the previous paragraph shows that any group, all of whose 
elements except 1 are of order 2, is of order 2”. (Since all the 
elements commute, each element is of the form a’ δ΄ εἴ... 
where p, ᾧ, r, . . . are Ὁ or 1: the number of such elements, if 


t 
5 
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there are nm generators a, b, c,... is 2".) A group of order 6 
must therefore have at least one element of order 3, a say, and 
at least one other element ὃ. We therefore have as elements, 
1, a, a’, b, ba, ba*, ab, a*b, aba, bab, and so on—all possible 
combinations of a and 6 —, and we have to find whether 
relations can be postulated among these elements which 
will reduce the number of distinct ones to six. The first six 
elements listed must be distinct, since, for instance, ba” = a 
would imply ba = 1 and so ὁ = a*. Now consider b*: this 
cannot be a or a’, for similar reasons, and so must be 1. We 
now try to show how each element after the sixth in the list 
may be made equal to one of the six. For ab, we could have 
ab = ba or ab = ba’. The first of these gives (ab)* = abab = 
a’ b? = a* # 1, and (ab)? = a’ ab = b # 1, so that ab is not 
of order 2 or 3. (It is in fact of order 6 and we have the group 
C,-) Taking the other choice, ab = ba’, gives (ba)* = baba = 
bba*a = 1: s0 ba is of order 2. We also deduce that a* b = ba, 
aba = b and so on. It may be verified that this one non-cyclic 
group of order 6, paige we may describe by the relations 
αὐ = 1, b* = 1, (ab)? = , is isomorphic to the triangle group 


D, whose table i is given in an igure 24. 


w2) 240° 


alae 
"Some 
w oat ee ae {w vi tw? {1 ρ) lw viweq) | 


Fig. 24 The symmetry group of the equilateral triangle. 


For order 8, it may be proved by similar methods that there 


are five possible groups, three commutative ones, Cs, Cy X C>, 
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C, x Cy x C,, and two others, the symmetry group of the 
square, D,, defined by αὖ = b? = Ι, won = ab, and the so-called 
quaternion group defined by αὖ = 1, a? = b*, ba = ab. 
(Ledermann, p. 51.) 


Exercises 


1. Show that the group generated by the following matrices 
is the quaternion group. 


{ Ἵ ( —i 7 0 1 ῦ --ἰ 
0 1 0 i/ -1 0 -i 0 
ἔς ᾽ [ 0 0 -i 0 I 
0-1] 0 -i Fong re 

2. Show that the symmetry group of the square has the 


defining relations stated above. 


3. Identify each of the groups J$, J3, and J3, with the 
appropriate one of the five abstract : STOUpS described above. 


4. Show that there are two groups of order 9, C,and C3 x C3. 


7 


PERMUTATIONS 


Group theory had its origin, not in the study of number 
systems or of the symmetry of geometrical figures, but in the 
course of investigations into the celebrated problem of the 
insolubility of the general equation of the fifth degree by 
means of formulae involving radicals. Galois showed that the 
solubility of equations depended on considerations of sym- 
metry of functions of the roots such as x; xX, + X2X3 + Χὶ X3. 
This expression is unchanged in value if we make any inter- 
change of the suffixes 1, 2, 3 among themselves, so that its 
‘symmetry’ is closely related to that of the equilateral triangle. 
But the importance of permutations in group theory rests not 
only on this historical fact, but also on the fact that any finite 
group whatever is isomorphic to some permutation group, so 
that by studying permutation groups, we are studying all 
possible types of finite group. 


Let us begin by considering the situation shown in Figure 25, 
which represents a four-seater car. Let us suppose that four 
people, A, B, C and D are tra- 
velling in the car, of whom D 
is the only driver and so must 
occupy seat 4. In how many 
ways can the other three be 
seated? ... If A sits down first, 
he has the choice of 3 seats: then, 
whatever choice A has made, 
B has 2 seats to choose from, 
and after that C has Hobson’s 
choice. So there are 3 x 2 or 
6 different arrangements of A, 
B and C on the three seats. 
Let us describe the arrangement 
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in which A is on seat 2, B on seat 1, and C on seat 3, by the 
symbol (2, 1, 3). Let us now go on to consider what changes 
can be made in this situation. Suppose A and C change places: 

we could denote this by (A_-C), or by (3_,2) meaning that 
the people in seats 2 and 3 have changed places. The resulting 
state of A, B, C is (3, 1, 2), and since we have decided to 
describe the seating-state in this way it will be convenient if we 
describe the changes, too, in terms of the seats rather than the 

people, that is to say, by (3_,2). We may write 


(32) 


(2, 1, 3) (3, 1, 2 


and this describes fully what has happened. There are just hwo 
other ways in which two people may change places, (1_,3) 
and (1.2). If we now suppose that all three people wish. to 
move at the same time, what changes are possible? ... . One 
possibility is that the person in seat 1 moves to seat 2, the 
person in seat 2 goes to seat 3, and whoever was in seat 3 
moves round to occupy the seat 1. Let us describe this by the 
pos (1_,2_ 3). What other gree movements are 
possible? We could have ΟἿΣ weal): and perhaps 1)? 

- No, this is the same as (1 3. 2) or as taney 50 
we e have altogether five possible changes of seating in this 
situation—which is what we should expect, since we agreed 
that there were six different arrangements altogether. In 
practice we shall find it convenient to make the five changes 
up to six by including ‘no change’ and writing it as (1). 
Another practical point is that we can omit the arrows in 
this symbol and simply agree that the symbol is to be read 
as if the arrows were there, Thus the six possible interchanges 
of the digits of the set {1, 2, 3} are (1), (12), (13), (23), (123), 
(132). (See Figure 26.) 


Definition A permutation of a set S is a one-one mapping of 
the set S$ onto itself. 


The changes considered above are therefore the permutations 
of the set {1, 2, 3}: the notation (23), (132) and so on is called 
the cycle notation. 
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Fig. 26 The six permutations of P;. 


Exercise 


Express the following permutations in cycle notation: 
(3, 2, 1) > (1, 2, 3), (2, 3, 1) > (2, 1, 3), (3, 1, 2) > (2, 3, 1). 


Suppose now that the occupants of the car wish for some 
reason to make the change 


ἐν ae sy 


(that is, starting from the state (1, 2, 3) to make the change 
(123), resulting in the final state (2, 3, 1)), but to do it, if 
possible, by a succession of interchanges involving only two 
people at a time, that is by permutations of the type (13). 
(These are called transpositions.) Is this possible? . . . Since 1 
must — 2, we might start by applying (12). We have 


(1, PE le (2, 1, 3) 


which can be made into the (2, 3, 1) that we want by applying 
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(13). Thus the permutation (12) followed by (13) is equivalent 
to the single permutation (123). We write 


(13) ο (12) = (123) 


for this, with the permutation which is applied first being 
written second. This is in accord with our previous practice, 
for a permutation is a function — (13) maps (2, 1, 3) onto 
(2, 3, 1), and it would be natural to write this as 


(13)(2, 1, 3) = (, 3, 1), 


(compare with fx = y), and the double transformation would 
then appear as 


(13) o (12) (1, 2, 3) = (2, 3, 1). 


The composition o is the same function composition as was 
defined in Chapter 4. and just as the o was often omitted 
there, so it will be here. 

The method of calculating the composite of two or more 
permutations in the cycle notation is illustrated below. 

To find (13) ο (23) o (13). Choose any digit, say 1, and begin 
a cycle thus: (1 .. .). What does 1 become? Working from 
right to left along the three permutations, 1 first becomes 3, 
then the 3 becomes 2 and the 2 is unaffected by the remaining 
permutation. So we will fill in (12 . . .). Now what does 2 
become? Unchanged, then 3, then 1. So 2 goes to 1, and the 
cycle closes: (12). Now we must see what happens to 3. It 
goes to 1, then unchanged, then to 3. So we either write 
(12)(3), or we may leave out the 3 altogether: 


(13) ο (23) ο (13) = (12). 


Exercises 


(In the following, (12) o (13) will be written as (12)(13), the 
o being omitted.) 


1. Show that (23)(12) = (132) and find (12)(23). 
2. Find (13)(12), (12)(13), (31)(32) and (32)(31). 
3. Find (12)(12) (written (12)*), (23)7, (123), (123). 
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4, Note anything significant which you have observed in 
doing the above exercises. 


5. List all the permutations of the set {1, 2, 3, 4}, classifying 
them into those which change two, three and four elements. 


6. Show that (1234) = (14)(13)(12) and find three other ways 
of expressing (1234) as the composite of transpositions (that is, 
permutations each interchanging two elements). 


7. Show that (1234)? = (13)(24) and [(13)(24)? = (1); find 
also (1234)? and [(1234)°)’. 


8. If (1234) = a, find the group generated by a. Of which 
abstract group is this an example? 


9. Show that (1234)(4321) = (1). Is it true in general that 
(abc ...)(... cba) = (1)? 


PERMUTATIONS AND GROUPS 


The above exercises show that certain sets of permutations 

may form groups, the composition being function composition, 

that is to say, one permutation being followed by the other. 
We now prove a theorem about this. 


Theorem The set of all permutations of the set {1, 2, 3,...n}, 
under function composition, forms a group of order πὶ, 
denoted by P,,. (It is sometimes called the symmetric group of 
degree n, and denoted by S,,.) 


Proof We verify that the group postulates G/-4 are satisfied. 
It is clear from the definition of a permutation as a one-one 
mapping of a set onto itself that the result of two such mappings 
performed in succession is itself a permutation of the set. Next, 
we have already proved that the composition of functions is 
associative. There is an identity permutation (1), mapping each 
element onto itself; and to a permutation (1, 2, 3,...”)— 
(a, b, c,... 2) there is the inverse (a, b, c,...g) > (1, 2. Ἄν «Ὧδ). 
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Exercises 


1. Show that the four permutations (1), (13), (24), (13)(24) 
form a group isomorphic to the group D3. 


2. Show that the three permutations (1), (123), (132) form a 
group isomorphic to the group C3. 


3. Show that the six permutations of three symbols discussed 
on p. 96 form a group (the group P3), which is isomorphic to 
the group D3. 


4. Exercise 8 of the previous set shows that there is a group 
of permutations of 4 symbols (a subgroup of P,) which is 
isomorphic to C,. Find two further subgroups of P, which are 
also isomorphic to C,. 


5. Find a subgroup of P, which is isomorphic to D,, by 
considering the symmetries of a square. (It is best to number 
the four corners of a square ‘hole’ as in Figure 39; then a 
movement in which the vertex of the inner square which was 
at 2 goes to 4 gives 2 — 4 as an element of the corresponding 
permutation. Thus (13) corresponds to the reflection in the 
axis 24. This corresponds to the way in which the permutation 
group P, is related to the seating situation discussed above.) 
Show that this subgroup may be generated by the permutations 
(1234) and (13). 


6. Show that there are two other subgroups of P, which are 
isomorphic to D,, corresponding to the other ways of assigning 
the symbols 1, 2, 3, 4, to the corners of the hole. Do these 
three 8-element subgroups contain all the 24 permutations of 
P,? If not, which elements of P, do not appear at all? 


7. Show that the inverse of (12)(1234) is (4321)(12). 


8. Show the relation between the group of symmetries of the 
rectangle and a suitable subgroup of P,. 


9. Show how to obtain a group of permutations isomorphic to 
any cyclic group C,. 
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PERMUTATIONS AND CYCLES 


A number of points concerning the relations between per- 
mutations, their group properties, and the cycle notation have 
emerged from the above sets of exercises; we shall now formu- 
late and prove these. 


Theorem Every permutation may be expressed as a composite 
of disjoint cycles (cycles with no symbol in common). 


Proof We may start with any element a of the set being 
permuted and build up a cycle in the normal way, as described 
on p. 98; thus (afk ...). We etther reach a eventually, thus 
closing the cycle, or we repeat some other previous element of 
the cycle, since we have only a finite set of symbols at 
our disposal. But we cannot reach an element without first 
having its predecessor in the cycle: we cannot, for example, 
have k without first having had f. Thus we cannot repeat any 
other element of the cycle without first repeating a: so the 
cycle must close in the normal way. If the cycle closes before 
all the symbols are exhausted, a new cycle may be started with 
one of the remaining symbols, and the same arguments apply 
to it. Moreover, no element from a previous cycle can appear 
since this would require the presence of its predecessor in the 
original cycle, and so on, so that we would need to have the 
whole of the original cycle, and this could only happen if we 
had started the new cycle with one of the previously used 
elements. 

Note that if cycles are disjoint, as these are, they may be 
applied in any order without affecting the result: the com- 
position of disjoint cycles is commutative. Also, there is only 
one way of allocating the elements of a given permutation to 
disjoint cycles. 


Theorem ‘The order of a cycle is equal to its length; the order 
of any permutation is equal to the Icm of the lengths of its 
disjoint cycles. 


Proof If a one-cycle permutation (abcd...) of length n is 
applied once, a — δ: twice, ἃ --Ξ οἱ three times, a > d. To 
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make a — a the permutation must be applied n times: and then 
every element goes into itself. For the general permutation this 
must happen one or more times in all cycles of the permutation: 
the total number of applications required is the lcm of the 
lengths. 


Theorem Every cycle (abcd... k) of length n may be expressed 
as the composite of the n—-1 transpositions (ak) . . . (ad)(ac)(ab) 
(cf Exercise 6, p. 99). (The order of composition of these 
transpositions is significant, since they are not disjoint: and 
other expressions are possible.) Every permutation may thus 
be expressed as a composite of transpositions; and if it consists 
of p disjoint cycles involving a total of g elements, the number 
of transpositions obtained by this method is g-p. 


Proof The composite of (ak) . . . (ad) (ac) (ab) (working from 
right to left) is readily calculated to be (abcd . . . k). The last 
part of the theorem follows immediately from the fact that 
each cycle of length n gives n-1 transpositions. 


These transpositions are not in general disjoint, and the 
expression of a given permutation by transpositions cannot 
therefore be unique: we can, for example add the pair (ab)(ab) 
to any such expression without altering the permutation. It is, 
however, an important fact that we can only change the 
number of transpositions by an even number. We can thus 
speak of an even permutation, as one which is always expressed 
by an even number of transpositions, or of an odd permutation. 
The proof that this alternating character, as it is called, of a 
permutation is constant will be investigated in the following 
exercises. 


Exercises 


1. Show that (14)(13)(12)(23)(34) = (1243) and express this 
as the product of just three transpositions. 


2. Calculate the composite of the same set of cycles as in 
Exercise 1, taken in the reverse order, and express this, too, 
by three transpositions. 
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3. Find an expression for the composite (1342)(2145) in 
terms of six transpositions in one way, and in terms of four 
transpositions in two ways. 


4. Show that (12)(13)(16)(26)(34)(13)(53) can be reduced to 
disjoint cycles by a repetition of the following process: where- 
ever two cycles with common elements appear together, 
combine them to form a single cycle. At each stage of this 
process, calculate the number g—p where g is the number of the 
symbols involved (counting repeated ones each time they 
appear) and p is the number of cycles: show that g—p changes 
only by multiples of 2. 


5. Combine the following pairs of cycles to form disjoint 
cycles: 


(lab2cde)(\feh2jk), 
(1a2b3c)(1p2g3r), 
(1a2b3c4d)(1p2q3r4s), 


where a, ὃ, c,...s are all distinct. Compare these and note 
what you observe. Show that g—p changes by 0 or 2. 


6. Explain how, in Exercise 5, the one- and two-cycle results 
arise. 


Theorem If any one representation of a given permutation 
by transpositions contains an even number of these, then 
every such expression contains an even number of them; and 
similarly for a permutation expressed by an odd number of 
transpositions. 


Proof The unique expression of a permutation by disjoint 
cycles gives rise to an expression with a definite number of 
transpositions, as described in the previous theorem. Any other 
expression by transpositions may be reduced, as described in 
Exercise 4 above, to disjoint cycles; and in this process the 
number g-p changes only by a multiple of 2 at each stage. 
Exercise 5 shows how, if two cycles having an odd number of 
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elements in common are combined, the result is a single cycle, 
whereas two cycles having an even number of elements in 
common reduce to two disjoint cycles; in both cases, all the 
repetitions disappear. Thus g-p decreases by an even number 
in both cases. But before the reduction, if the number of 
transpositions was k, then g—p was 2k-k, that is, k: and in the 
final expression by disjoint cycles we have by the theorem above 
that the corresponding number of transpositions is equal to the 
final value of g-p. Thus the numbers of transpositions before 
and after reduction can differ only by a multiple of 2. 


We now state the following theorem, which is an immediate 
consequence of the above. 


Theorem The composite of two even or two odd permutations 
Is even; the composite of one even and one odd permutation 
is odd. 

_ To prove this, we have only to consider the permutations 
involved to be expressed by transpositions. 


Exercises 


1. Note that single cycles are odd if their length (and so their 
order) is even, and vice versa: but, for example, though (13) 
and (24) are odd, (13)(24) is even. | 


2. Show that the group P; contains three odd and three even 
permutations. 


3. Show that, in the group D,, the set of even permutations 
forms a subgroup; and identify this subgroup. 


4. Show that the square of every permutation is even. 

5. Show that in any permutation group containing both odd 
and even permutations, the even permutations form a sub- 
group. 


6. Party-game: three tumblers, two of them upright, one 
upside down, are on the table. A ‘move’ consists of inverting 
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any two of them. The problem is to get all three upright. 
Show, by consideration of odd and even permutations, that 
this is impossible. 


The Alternating Group 


Some of the examples have already suggested that if a group 
contains both odd and even permutations, exactly half are of 
each type. We now prove this. Consider what happens when 
all the permutations of a group containing both types are 
combined with a certain odd permutation, d. All the even ones 
become odd, and all the odd ones even. But since the composite 
of any permutation with d is another permutation of the 
group, and no two of the permutations obtained can be the 
same (since dp, = dp, = p; = p2), What we are left with is 
still the same total set of permutations, and so there must be 
equal numbers of even and odd ones. 


Definition The subgroup of P,, consisting of all its even per- 
mutations is called the alternating group of degree ἡ, and 
denoted by A,. 


Exercises 
1. List the permutations of A; and Ag. 


2. Show that (3456) = (13)(1456)(13), and hence show how 
to express both this and any other permutation by trans- 
positions of the form (la)(1b) . . . (1k) even if the symbol 1 
does not appear in the permutation. 


3. Show that (la)(1b) = (1ba); hence express each of the 
permutations (12)(34), (13)(24), (14)(23) as composites of 
cycles of length 3. 


4. Isa similar expression possible for the permutation (1234)? 


5. Show that the group A, is generated by the cycles (123), 
(124), .. . (12m). Generate A, in this way. 
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CAYLEY’S THEOREM 


In our investigations in this chapter, we have found a group of 
permutations isomorphic to every group we had previously 
found, and more besides. This is the reason for the importance 
of permutation groups: the fact is expressed in the following 
theorem. 


Theorem (Cayley) Every group of order n is isomorphic to a 
subgroup of the permutation group P,,. 


We use the following tables to illustrate the proof. 


[1 ae ak a 


t @ δ ὁ 

Rh ἢ δ' 

aiale i b 

bib e« 1 ia 

e-é Ba a 
a be 


a Sy eee 
a a αὖ αὖ ... 
b bab’ be ... 
c cach εἶ 


oO oan μὰ 


These tables are of D,, C,, and a general group. The per- 
mutation to be associated with an element a is that which takes 
the symbols at the heads of the columns into the symbols of 
the row belonging to a; thus in the general table above, a 
is to be associated with the permutation (1, a, b, c,...) > 
(a, a’, ab, ac, ...) which may be described as the permutation 
Pa, under which, for each element x of the group, x > ax. This 
is ἃ permutation of the group elements: no two of ab, ac and 
80 on can be the same since in a group ax = ay=>x = y 
(p. 79). The same group property also ensures that no two of 
these permutations is the same—in fact no two can have the 
same effect on any element: bx = cx would Impiy b = c. 


αῦδαν 
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We have thus proved that to each element a of a group G 
there corresponds a permutation Pa of the group elements 
defined by x — ax: and that this correspondence is one to one. 
To show finally that it preserves compositions, consider 
Pao Pb, This first takes each x of G into bx: and as x runs 
through the elements of G, so does bx, so we can describe the 
effect of the following permutation Pa by bx — a (bx). Thus 
Pac Pb is the permutation under which x — abx, that is, 
the permutation Pab, which proves the isomorphism, since it 
shows that the composition of the permutations Pa, Pb corres- 
ponds to the composition of the group elements a, b. 


Exercises 


1. Express in cycle notation the permutations associated with 
the elements of the group D3, as tabulated above, and verify 
that they form a group isomorphic to D,, 


2. Do the same for the group C,, and for another chosen 
group. 


3. Represent as permutation groups some of the groups 
mentioned in the Exercises on pp. 64-5. 


AUTOMORPHISMS 


The reader may have noticed, in seeking isomorphisms between 
the groups of residues in Chapter 5, that some groups had 
non-trivial isomorphisms with themselves. For example the 
group J<, " has the isomorphism (1, 2, 3, 4) > (1, 3, 2, 4): this 
may be shown either by writing out the two tables or by 
observing that the elements may be expressed both as 1, 2, 27, 2°, 
and as 1, 3, 37, 3°, and the correspondence is then 2” + 3", Such 
an isomorphism of the set with itself is called an automorphism. 
Since under any isomorphism elements of the same order must 
correspond to each other, generators must correspond to genera- 
tors, and so the group J, ", having only 2 and 3 as generators, 
cannot have any more automorphisms except for the identity. 
We note that its automorphisms are (1) and the permutation (23), 
Now consider the group D, (Tables on p. 84). In this case any 
permutation whatever of the three elements a, b, c is an 
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automorphism. These permutations form a group isomorphic 
to P3: those of the previous case formed an example of C). 
Is it perhaps the case that the set of automorphisms of any 
group themselves form a group? It is easy to see that this is 
so: for an automorphism is simply a permutation of the group 
elements which preserves the group composition: if two such 
permutations are performed successively, the result is another 
permutation which preserves the group composition: thus the 
set of automorphisms of a group is closed under function 
composition. Similarly, this composition is associative, and the 
inverse of an automorphism is an automorphism. So the set 
of automorphisms does form a group. 


Example To show that the automorphism group of C; 
is isomorphic to C,. 

In the group (7 every element except the identity is of 
order 7, and may be taken as a generator of the group. Thus 
there are 6 possible automorphisms, mapping a given element 
a onto each of the elements a, αὖ, αὖ, a*, α΄, a®, in turn. For 
example, the automorphism which replaces the generator a by 
a’ takes (a, αὖ, αὖ, αὐ, αὖ, a®) into (a’, α΄, a®, a, a*, a°). Writing 
this as a permutation of the indices, it is (124)(365). Similarly 
if a maps onto αὐ the full permutation is (1, 2, 3, 4, 5, 6) > 
(3, 6, 2, 5, 1, 4), or, in cycle form, (132645). As the whole 
group may be generated by a single element, the choice of 
the element onto which a is to map determines the maps of 
all the elements: so having considered all the possibilities for 
a, there are no more: there are exactly 6 automorphisms. More- 
over, we need go no further, for we have found one auto- 
morphism which is of order 6, so the automorphism group can 
only be C,. 


Exercises 


1. Show that the automorphism group of C, is C,, and that 
of Ce is C3. 


2. Show that the automorphism group of D, is D3, and find 
that of D,. 


3. Find the automorphism group of A,. 
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CONJUGATE ELEMENTS 


If any element of a group G is combined with another element 
of G to form the composite /at~*, we say that a is ‘transformed 
by ¢’ and that a and tat~? are conjugate elements with respect 
to G. This is an important relationship in several branches of 
mathematics. We shall investigate it here as it applies to 
permutations. For a simple case, take a as (1234) and ¢ as (16). 
Then tat~* is (16)(1234)(16), which is (6234): the 6 has replaced 
the 1 in the cycle. Next take a as (1435)(26) and ¢ as (123). Then 
tat~* is (123)(1435)(26)(132), which reduces to (1524)(36) or by 
rearranging, (2415)(36). This contains cycles of the same length 
as a, and again the permutation (123) has been applied to the 
symbols of a. 

Let us see whether we can find a transforming permutation 
to take (123)(45) into (243)(15): the change of symbols required 
is (124) so we try this on the left and its inverse (142) on the 
right: (124)(123)(45)(142). It may easily be verified that this 
works as required. 

It thus appears that two permutations are conjugate if and 
only if their disjoint cycles are the same in number and length. 
This and the other conclusions of the previous paragraph can 
be proved easily from the following theorem. 


Theorem If f is a function map- 
ping a set X into itself, and ¢ is an 
invertible function mapping Y onto 
a set Y, then the function g defined 
on Y which corresponds to f on X, 
that is which maps each element tx 
onto the element /(/x), is given by 
g = tft’. 

Figure 27 supplies the proof; we 
need only note that since 1 is invert- 
ible, every y in Y is of the form tx 
for some x in X, and then 


ift~*(tx) = fx 
as required (using the associativity 
of function composition). Fig. 27. 
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Applied to the permutation situation this theorem states 
that if a permutation ¢ is applied to the symbols of the sets on 
which the permutation is defined, the corresponding permuta- 
tion of the new set is tft~*. Thus to obtain {1 we have only 
to apply 1 to the symbols of the cycles. It follows immediately 
that two permutations are conjugate, that is, related as jf and 
tft~*, if and only if their disjoint cycles are the same in number 
and length. 


Exercises 


1. Find all the conjugates of each element of the group D, 
(see p. 93). 

2. Find the conjugates of each element of the group D,: prove 
that in a commutative group each element is conjugate only 
to itself. 

3. Find all the conjugates of each element of D,. 


4. Show that the conjugacy relation divides a group into a 
number of disjoint classes. 


5. Show that the conjugacy classes of P, are as follows: 
Q0: (1). 
ΟἹ: (12), (13), (14), (24), (34), (23). 
Q2: (234), (243), (134), (143), (124), (142), (123), (132). 
93: (12)(34), (13)(24), (14)(23). 
04: (1234), (1243), (1324), (1342), (1423), (1432). 


6. Select from the above list the elements of 4,: also make 
up groups isomorphic to C,, D2, D3. 


The mapping of each element of a group onto its transform 
by a fixed element ὦ is an invertible function: for if tat! = 
tbt~* we have, by the cancellation laws, a = δ. Moreover, the 
group composition is preserved, for (tat~*) (δὲ) = t (ab) t=? 
which is the transform of ab. It is therefore an automorphism. 
An automorphism which can be obtained in this way is called 
an inner automorphism; other automorphisms are outer. 
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Exercises 


1, Find the inner automorphisms of the groups quoted in the 
exercises on p. 108. 


2. Show that the inner automorphisms of a group themselves 
form a group, and identify this group in each of the cases in 
Exercise 1. 
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8 
SYMMETRY GROUPS 


An important field of application of group theory is the study 
of symmetry—the symmetry of natural and constructed objects, 
geometrical figures and of algebraic forms. In this chapter we 
shall begin with a brief study of algebraic symmetry, devoting 
the rest of the chapter to geometrical figures. 


ALGEBRAIC SYMMETRY 


The expressions ab + bc + ca and (a — b)(b — c)(c — a) may 
both be described as symmetrical, but they do not both possess 
the same degree of symmetry. The symmetry of each can be 
described by quoting the group of permutations of its letters 
which leaves the expression unchanged. In the first expression, 
any two letters can be interchanged without altering the 
expression, or, of course, a cyclic interchange can be made. 
The symmetry group is therefore the group P. In the second 
case, a transposition such as (ab) changes the sign of the 
expression, so a pair of such changes is required to leave it 
unchanged. In this case the group is the alternating group A;, 
consisting of the even permutations of P3. 


Exercises 4 


1. Show that the expression (a — b)(b — οὐίς — d)(d — a) 
has the symmetry group C,. Include further brackets to form 
an expression with group A,. State some expressions with 
group P,. 


2. Verify that the expressions giving the area and circum- 
radius of a triangle ABC in terms of the sides and angles have 
the symmetry group P,. Check similarly the symmetry of the 
expressions for the coordinates of the centroid, orthocentre, 
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incentre and circumcentre in terms of the coordinates of the 
vertices. 


3. Show that the expression (a — c)(b — d)/(a — d)(b — c) 
(called the cross-ratio of a, ec, b, d) has a symmetry group 
isomorphic to D>. 


GEOMETRIC SYMMETRY 


The set of letters and figures of Figure 28 exhibits a number of 
types of symmetry, including the familiar reflective symmetry 
of the A, B and H and the ‘half-turn’ symmetry of the N and 
the parallelogram. It is convenient to define a symmetry of an 


ABN AL, 


Fig. 28 Symmetries of some common figures. 


object as any isometry (that is, any distance-preserving trans- 
formation) of the points of the plane or of space which leaves 
the object as a whole unchanged. Then the full set of symmetries 
of the H consists of reflections in two perpendicular axes and a 
half-turn, together with the identity; and the symmetries of the 
swastika consist of the identity and rotations through one, 
two and three quarter-turns. It is immediately apparent that 
the number of symmetries does not by itself describe adequately 
the type of symmetry which the figure possesses, since both 
the H and the swastika have four. We can, however, dis- 
tinguish these types by describing the way in which the 
symmetry transformations of each figure combine with each 
other, and it is at this point that group theory becomes 
relevant. If we denote by / the transformation which reflects 
every point of the plane containing the H in a horizontal axis, 
by v the similar reflection in the vertical axis, and by r the half- 
turn, it is easy to see that the composite of v and /, in either 
order, is r. (In Figure 29 v oh makes 1 — 4 — 3, which would 
Hi 
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Fig. 29 The letter H and its symmetry group. 


be accomplished in one move by r.) The complete composition 
table is shown in Figure 29 and it is clear that we have here a 
group. All sets of symmetries of an object are groups, for they 
are functions, and therefore associative under function com- 
position; also the composite of two symmetry transformations 
is itself a symmetry, for if the figure as a whole is unchanged 
under each separate movement it is unchanged overall: and 
the inverse of a symmetry transformation is itself a symmetry. 

The group whose table we have found in Figure 29 is the 
group ἢ, which we have met before: it is the symmetry group 
of the rectangle and the rhombus. Similarly the group of the 
swastika, r, γ2, γῇ and the identity 7 (= r*), is an example of 
the group C,. 


Exercises 


1. Identify the groups of symmetries of the other figures of 
Figure 28. 


2. Identify the symmetry groups of other letters of the 
alphabet. 


It is important in the study of symmetry to distinguish 
between direct and opposite isometries. Briefly, direct isometries 
are those which are possible rigid movements: so, in the plane, 
rotations are direct while reflections are opposite, since the 
latter cannot be performed as rigid movements within the 
plane. The composite of two opposite isometries is a direct 
isometry. 

It may be proved as a theorem in transformation geometry 
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Fig. 30 Symbolic diagrams for some plane symmetry groups. 


that every isometry of the plane which has a fixed point is 
either a rotation or a reflection, and this enables us to describe 
all the possible symmetry groups of finite plane figures. If we 
count the identity as a rotation through zero angle, all contain 
rotations: if there are ἡ rotations they will be multiples of 2z/n; 
others contain, with the rotations, an equal number of reflec- 
tions, in axes which make angles of z/m with each other. The 
group of n rotations is cyclic, isomorphic to C,, and that 
containing n reflections as well is called the dihedral group of 
degree n, and is denoted by D,. The diagrams of Figure 30 
show some of these. 


Exercises 


1. In the regular pentagon (Figure 31) show how to transform 
region 1 (a) into region 5, (Ὁ) into region 7, by suitable com- 
binations of the reflections p and g. 


Fig. 31 The regular pentagon 
and its symmetries. 
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2. Show that the group D, is generated by elements p and g, 
with p* ne = (pq)" = 1, or by p and s, with p* = s" = 
(ps)? = 

Infinite Plane Groups 

The repeating patterns seen on wallpapers, parquet floors, in 
brickwork and elsewhere may also be classified with the use 


of group theory. We shall consider first those patterns which 
repeat along a strip, such as a piece of wallpaper border. In 


Vis 


Translation Rotation Reflection Glide 
Fig. 32 Isometries of the plane. 


se eee eee 


this case geometrical considerations show that the basic move- 
ment is either a translation or a glide (see Figure 32). (A glide 
is the composite of a reflection and a translation in the direction 
of the mirror). The simplest types of pattern (the first two of 
Figure 33) have as symmetries just a repeated translation or a 
repeated glide respectively. In the first case the group consists 
of the translation T and all its powers, positive and negative, 
and the identity; this group is isomorphic to the group of 
integers under addition, /,+, and it is sometimes denoted 
by C., by analogy with C,,. The second case gives another 
example of C.., containing the glide G and all its powers. 

Other patterns occur when 7 is made up of two reflections, or 
two half-turns, or G is made up of one of each. The three groups 
here are again isomorphic, and this abstract group is denoted 
by D .,, since its relation to C ,, is the same as that of D, to C,,. 
These are types 3, 4 and 5 of Figure 33. The remaining two 
patterns are obtained by combining with the previous ones a 
reflection in the axis of the strip. This reflection is independent 
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Fig. 33 The seven strip patterns. 


of the translation or glide and so it commutes with these—the 
groups are the direct products C,, x D, and δὼ x D,. It 
can be shown that these seven are the only possible ways of 
repeating a pattern on a strip. 
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Fig. 34 Some wallpaper borders. 


Exercises 
1. State generating relations for D,, and D,, x δι. 


2. Identify the symmetry types of the borders illustrated in 
Figure 34, (Different answers are possible according to whether 
or not the shading is taken into account.) 
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In a similar way it may be shown that there are just seventeen 
ways of repeating a pattern on a plane, and these give examples 
of further infinite groups. For a discussion of these, the reader 
is referred to Bell and Fletcher, Symmetry Groups (a pamphlet 
from which Figures 32, 33 and 34 are taken) or Coxeter, 
Introduction to Geometry. 


Symmetries of Solids 


Of more immediate interest in relation to the group theory of 
the earlier chapters of this book are the symmetries of solid 
bodies—prisms, pyramids, cubes and so on. As in the plane 
case, we have to distinguish between direct and opposite 
symmetries, the former being physically possible movements, 
the latter not. The approximate symmetry possessed by the 
human body, by reflection in a central plane, is an opposite 
symmetry. 
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(a) (b) 
Fig. 35. 


The square pyramid of Figure 35a has, as its group of 
direct symmetries, the four rotations through multiples of a 
quarter-turn which we have already described as constituting 
the group C,. Similarly the n-gonal pyramid has the group C,, 
as its group of direct symmetries. But what will correspond in 
three dimensions to the groups D, in two? We could use 
this as the symbol for the full group of the pyramid including 
the reflections in the bisecting planes along with the rota- 
tions. But, in practice, D, is used for the group obtained by 
adding to the rotations of C, the m half-turns about axes in 
a plane perpendicular to the axis of the rotations and making 
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angles πίη with each other. This reduces to the familiar two- 
dimensional D,, and has the advantage of making the three- 
dimensional D,, a group consisting entirely of direct isometries. 
It is, in fact, the group of direct isometries of the n-gonal 
prism (Figure 35b shows the case 1 = 4). 

It can be shown from geometrical considerations that every 
isometry of space with a fixed point is either a rotation or a 
combination of a rotation with the central inversion i; this is 
a transformation which reflects every point of space in the 
fixed point, so that if the fixed point is the origin of coordinates, 
the point (x, y, z) becomes (—x, —y, —z). This makes it 
possible to obtain all symmetry groups which contain opposite 
isometries as suitable combinations of direct isometry groups 
with i. 


Exercises 


I. Note that 7 is a symmetry of the square prism (Figure 32b), 
so that its full symmetry group is D, x {i, I}; ({i, 7} is the 
group consisting of i and the identity /). 


2. . Show that the opposite isometries of the square pyramid 
(Figure 35a), are obtained by combining each of the half-turns 
of δ, with i. 


3. Show that the full symmetry group of Figure 35c, where a 
portion of each side face is shaded, is C,. 


4. Find the symmetry groups which Figure 35c would have 
with various shadings. (Use a model.) 


It is easy to show, on group-theoretical grounds, that if a 
symmetry group contains both rotations and rotatory inver- 
sions (that is, combination of rotations with the central 
inversion), it must contain an equal number of each, and the set 
of rotations is a subgroup of the whole group. For if we combine 
every element with one of the rotatory inversions, r, say, the 
rotatory inversions all become rotations and vice versa. But 
this set of composites with r; must, by the group closure 
property, be the same set of elements in a different order: thus 
there must be equal numbers of each type. 
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SYMMETRIES OF THE TETRAHEDRON AND CUBE 


The three-dimensional groups discussed above are all 
derived from the groups C,, and D,, in two dimensions; apart 
from these, three more groups, with similar derivatives, exist, 
and they are associated with the five Platonic regular solids, 
the tetrahedron, cube, octahedron, dodecahedron and 
icosahedron. 


ΔΝ 


Fig. 36 The regular tetrahedron and the cube. 


The Tetrahedron 


The tetrahedron (Figure 36) has twelve direct symmetries, 
which are easy to identify geometrically. There are rotations of 
a third-turn and two-thirds-turn about each of four axes which 
join a vertex to the centroid of the opposite face: a total of 
eight symmetries in addition to the identity. Then there are 
half-turns about the joins of the midpoints of opposite edges— 
three of these, making a total of twelve symmetries. To investi- 
gate the structure of this group we need to know how these 
movements combine; this can be discovered from experiments 
with a marked model, but a simpler method will appear below, 
as we go on to consider the opposite symmetries. These include 
reflections in the planes joining each edge to the midpoint of 
the opposite edge—six of these. The other six opposite 
symmetries are not so obvious geometrically, but we can dis- 
cover them by analysing the situation in terms of permutations. 
Every symmetry of the tetrahedron is equivalent to a per- 
mutation of its four vertices. If the vertices are labelled 1, 2, 
3, 4, a permutation such as (12) is one of the reflections des- 
cribed above, the third-turn rotations are of the type (234), and 
the half-turns are of the form (12)(34). It is clear that the direct 
symmetries are even permutations (see p. 102) and that the 
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reflections such as (12) are odd. Moreover, every transposition 
like (12) is a symmetry of the tetrahedron, and so therefore is 
every composite of two or more of these. And since every 
permutation may be expressed as a composite of transpositions 
(p. 102), every permutation of {1, 2, 3, 4} is a symmetry of 
the tetrahedron, the direct symmetries corresponding to the 
even permutations, the opposite symmetries to the odd. Thus 
the full symmetry group of the tetrahedron is isomorphic to the 
group P,, and the group of direct symmetries to the alternating 
group Az. 


Exercises 


1. Find the permutations of P, which correspond to the six 
opposite symmetries not identified above, and describe a 
typical one of these geometrically as the composite of two 
simpler geometrical transformations. 


2. Express the symmetries of the tetrahedron as permutations 
of the four faces, and show which of these corresponds to 
which permutation of the vertices. 


3. Investigate the representation of the symmetry groups of the 
tetrahedron as permutations of the six edges. 


The Cube 


As in the case of the tetrahedron, the symmetries of the cube 
can be investigated by considering them as permutations of 
its vertices, or faces, or edges. The simplest of these ways is to 
consider faces, as there are only six of them, compared with 
eight vertices and twelve edges. If the cube is Jabelled as in 
Figure 36, using the pairs 12, 34, 56 for pairs of opposite faces, 
we can note some of the direct symmetries as follows: 


Rotations through multiples of a quarter-turn about axes 
joining centres of opposite faces—(3546), (34)(56), (3645) 
and two similar sets—nine symmetries; 

Half-turns about axes joining midpoints of opposite 
edges—(36)(45) and five similar to this—total, six sym- 
metries; 

Rotations through multiples of a third-turn about 
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diagonals of the cube—(135)(246), (153)(264) and three 
similar sets—total, eight symmetries. 


This gives, with the identity, twenty-four direct symmetries; 
this is the correct total, since a cube has twenty-four different 
positions: any one of the six faces can be uppermost, and then 
any one of the four vertical faces may face the front. 


Exercises 


1. Compare the subgroup of P, which has arisen in the above 
paragraph with the one in Exercise 3 of the last set. Deduce 
that this subgroup is isomorphic to P,. 


2. Investigate the representation of the group of direct 
symmetries of the cube as a group of permutations of the eight 
vertices. 


Exercise 1 suggests that it may be possible to represent the 
direct symmetries of the cube by a simpler permutation group 
using only four symbols. This is indeed the case, if the four 
elements are the four diagonals of the cube. It is clear that 
every symmetry transformation of the cube must correspond 
to some permutation of the diagonals, but we need to verify 
that each permutation of the diagonals corresponds to one and 
only one direct symmetry. In other words, we must consider 
whether it is possible to make a symmetry transformation 
which leaves all four diagonals in their original positions. (We 
do not say ‘fixed’, for a diagonal could be reversed in direction 
but still occupy its original position, in the sense that diagonal 1 
would still be where diagonal 1 was before.) It may be seen 
that this is not possible, for a rotation which kept a diagonal 
fixed would have to be about that diagonal, and one which 
reversed a diagonal would have to be about an axis at right 
angles to the diagonal. Thus a rotation which left all four 
diagonals either fixed or reversed would have to be about an 
axis which was either along or at right angles to each one of 
them, and it is immediately clear from the geometry of the 
figure that this is impossible. The direct symmetry group of the 
cube is therefore isomorphic to P,. 

It follows that the full group including opposite symmetries 
cannot be expressed in terms of permutations of fewer than 
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six elements, and this does not give a very useful characteriza- 
tion of the group. Since, however, every opposite symmetry is 
the composite of a direct symmetry with the central inversion /, 
and / commutes with each such symmetry, we may characterize 
the full group as P, x {i, 7}, which is abstractly equivalent to 
P, x C,. This group is sometimes denoted by P,. 


Exercises 


1, Show that the central inversion of the cube (12)(34)(56) 
commutes with each direct symmetry. 


2. Note that in this case even and odd permutations do not 
correspond to direct and opposite symmetries respectively. 


3. Pursue the relationship indicated in Exercise 1 of the last 
set by showing how a regular tetrahedron may be placed inside 
a cube so that each edge of the tetrahedron is a diagonal of a 
face of the cube. 


Other Regular Solids 


Figure 37 shows how an octahedron may be placed in relation 
to a cube so that each vertex of the former is the centre of a 
face of the latter, and it can be seen from the figure that each 
face of the octahedron corresponds to a vertex of the cube. 
Thus the symmetry group of the cube, represented as a group 
of permutations of the faces, is also the symmetry group of the 
octahedron, represented as a group of permutations of the 
vertices. The two solids have exactly the same symmetry. A 
similar relationship exists between the remaining two regular 
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Fig. 37 The cube and octahedron. 
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solids, the dodecahedron and the icosahedron. The former has 
twelve faces and twenty vertices, the latter twenty faces and 
twelve vertices, and both have thirty edges. Examination of 
models of these will make it clear that they correspond to each 
other in the same way as the cube and the octahedron, and that 
they have the same symmetry groups. It is also a fairly easy 
matter to find how many symmetries they have; thinking of the 
dodecahedron, it may be placed on any one of the twelve faces, 
and may then be rotated into any one of five positions: total, 
sixty positions. This is the number of direct symmetries, and the 
number of opposite symmetries is therefore a further sixty. 
It is a plausible guess that the groups we have here might be 
isomorphic to P; and A,, and this can indeed be shown to be 
the case. We use the icosahedron for this demonstration. 
The twenty faces of this figure can be labelled with the 
numbers 1, 2, 3, 4, 5 in such a way that the five triangles 
meeting at any vertex all have different numbers (see Figure 38, 
where the solid is opened out and distorted so that all faces 
can be seen except the one opposite the face in the centre. 
It is convenient to have a model whose faces are coloured with 
five different colours in this way.) The four faces labelled 1 are 
then distributed symmetrically over the icosahedron, lying in 
the faces of an (imaginary) regular tetrahedron. The faces 


Fig. 38 A possible numbering of the faces of the icosahedron. 
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opposite to these four will be labelled 2, 3, 4, 5 and will lie 
in the faces of another regular tetrahedron. The symmetries 
of these tetrahedra are symmetries of the icosahedron; we have 
shown above that the symmetry groups of the tetrahedron are 
the group of all permutations of its four faces, for all sym- 
metries, and the subgroup of even permutations for the direct 
symmetries. When these symmetry transformations are applied 
to the tetrahedra identified in the icosahedron, they are 
represented by the permutations of {2, 3, 4, 5}, with 1 remain- 
ing unchanged. Since what we have said about the faces 
labelled 1 is equally true of those labelled with any other 
number, we have in fact considered the 5 x 24 = 120 per- 
mutations of P;, and have shown that each of them corresponds 
to a different symmetry of the icosahedron, and the even per- 
mutations to the direct symmetries. As 120 is the total 
number of symmetries, we can identify the full and direct 
symmetry groups with P; and A, respectively. 


Exercise 


ΜΕΝ the symmetry groups of some of the semi-regular 
solids, 
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QUOTIENT GROUPS AND FIELD 
EXTENSIONS 


LAWS OF COMPOSITION FOR SUBSETS OF A GROUP 


We have already met, in our discussion of residue classes in 
Chapter 5, one example in which the subsets of a group formed 
a group among themselves, with a law of composition derived 
from that of the original group in an obvious way. We con- 
sidered classes 0, 1, 2, 3, 4, 5 consisting respectively of integers 
which left remainders 0, 1, 2, 3, 4, 5 after division by 6, and the 
sum of two classes was defined as that class containing all the 
sums of pairs of elements, one taken from each of the classes 
being combined: in symbols, A -+- B was the class C containing 
a + b, for alla e Aand b ε Β. The product of two classes was 
defined in a similar way. To ensure that such a definition was 
valid, we had to verify that all a + δ, with ae A and bc Β, 
were in fact in the same one of the five classes being considered. 
We thus obtained a group J, +, whose elements were the 
residue classes. We obtained a multiplicative group too, 
defining the product of two classes in a similar way to the sum. 
In this chapter we shall investigate this idea in relation to 
groups in general, and arrive at the notion of a quotient group. 

We first make a general definition of a law of composition 
for the subsets of a group. 


Definition If A, B are subsets of a group G, «, then the com- 
posite set A * B is defined as the set of all elements a « δ, with 
ae A and be B. The law of composition, κε, for the sets is 
sometimes called the composition induced in the set of subsets 
of G by the law of composition in G. 

We shall now proceed to consider the set of cosets of a group 
with respect to a subgroup, and investigate whether the induced 
law of composition among the cosets produces a structure of 
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Fig. 39 The group D,. 


any interest. We consider first the group D,, the group of 
symmetries of the square. We shall need the full group com- 
position table for reference, and this is shown in Figure 39. 
The reader is recommended to work this table out for himself, 
as an exercise; this may be done by experimenting with a 
cut-out square, but it is probably more convenient to express 
each of the eight symmetries as a permutation, and to calculate 
the composites from these. If the cut-out square is used, care 
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must be taken to interpret 4,v and so on consistently, either 
with respect to axes fixed in space or with respect to axes 
fixed in the square, remembering in the second case that r 
is an anticlockwise rotation when seen from the face of the 
square which was originally upward, so that when the square 
is turned over, r is anticlockwise as seen from below. In the 
table given, the axes are taken to be fixed in space, the numbers 
are allotted to the four space-positions and (123) means that 
the vertex which was in position 1 moves to position 2, and 
vh (ν row, h column) means ἢ first, then y. Other conventions 
may give a different table. 

To form cosets, let us choose first the subgroup S = 
{1,r,7?,r°}, There is only one other coset, and it consists of the 
remaining elements of the group, C = {h, v, d,, d,}. The 
composite set SC will consist of the sixteen elements obtained 
by combining an element of S with one of C: 


Th, Iv, Id,, Ida; rh rv, rd,, rds; r7h, .. 
and so on. These are, in turn 
h, ¥, dy, Qo; dy, Go, Vf, .. 


and so on. All these elements prove to be in the coset C, so 
we may say that SC = C, It may be similarly verified that 
C? = S,and that CS = C, and S? = S—this last follows from 
the fact that S is a subgroup. Thus S and C form a two-element 
group, whose table is shown in Figure 39; the figure also 
indicates how the composition table for S and C appears in 
the original group table, in the way in which it divides into 
four blocks. When a group G is divided by a subgroup S into 
cosets, and the cosets form a group under the induced law of 
composition, the resulting group is called the quotient group of 
G by S, written G/S. 

In the above example, the quotient group had only two 
elements. Can we derive a larger quotient group from D,, by 
using a smaller subgroup? We shall try the subgroup S = 
{J, h}: this should give a four-element quotient group. The 
left-cosets are {r,d,}, {r?, v}, {γ, 42}: call them P, QO, R 
respectively. We consider now the composites, taking PR first. 
This gives the set {r*, rd, d,r°, ἀγα} which is {J, h, v, r7}— 
which is not one of the cosets! So we have no quotient group. 

I 
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Why has the process broken down? In the previous example, 
the sixteen composites reduced to four; why do not these four 
reduce to two? 

To see why, we must write the cosets so as to show how they 
were obtained: they may be written as S$ (the subgroup), 
d,S, vS, and d,S (or we could have written them S, rS, 
r?S, r°S). The composite set d,S - d,S is then the set of all 
elements of the form d,s,d.5,, where s,, 82) run through all 
elements of 5. If these are all to reduce to the elements of one 
coset, it will be the coset of d,d, since s, = J, 8) = J is one pair 
of values to be included; so d,s,ds, must be of the form 
d,d,s;, Where 53 is some member of S. By cancelling d, and 
multiplying on the right by 5,, we have 


d,5,d8, = dd283 
= $,d> = dy848> 
= dS 


which if it is to be true for all s,, is equivalent to saying that the 
sets dS and Sd, must be the same, in other words the right 
and left-cosets of d, with respect to S must be the same. This 
condition is clearly fulfilled in the previous example, since as 
the subgroup contains half the elements of the group, there is 
only one possible other coset. A subgroup, with respect to 
which the right- and left-cosets of each element are the same, 
is called an invariant subgroup, or a normal subgroup; we 
shall prove below that the cosets with respect to a normal 
subgroup always form a quotient group. 


Definition A normal subgroup N of a group G is a subgroup 
such that the left-coset of each element of G is the same as the 
right-coset of the same element: in symbols, 


VaeG, aN = Na. 
(Note that this states that aN and Na are the same set; there 
will in general be individual elements n of N such that an τέ na.) 


Theorem If N is a normal subgroup of a group G, the set of 
cosets of G with respect to N forms a group, the law of com- 
position of the cosets being the law induced by the law of the 
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group G. This group is called the quotient group of G by N 
written G/N. ST unGN) i εὐ 


Proof 
(i) Closure: the composite (aN)(bN) of two cosets reduces 
as follows: 
(aN)(6N) = aNbN 
= abNN 
me = (ab 
which is the coset of ab. 
(ii) Associativity follows from the associativity of the ele- 


oo of G, since (an,)(bn,)(cn;) is a composite of elements 
of G. 


(iii) The identity element is the subgroup N, since 
(aN)N = aN = N (aN). 


(iv) The inverse of aN is the coset GN, since 
(aN)(aN) = αἂν 


The four group axioms are thus satisfied. 
Exercises 


1. Divide the group D, by the subgroup {1, r?}, and find to 
which of the two abstract groups of four elements the quotient 
group is isomorphic. 


2. Find a normal subgroup of D, and form the quotient 
group. 


3. Show that the quotient group of the group of integers under 
addition by the subgroup of multiples of 5 is the group J;, +. 


4. Divide P, by a normal subgroup isomorphic to P, and 
identify the quotient group. 


Further examples of Quotient Groups 


The points of a plane may be made to become the elements 
of a group if we label them by coordinates (x, y), (x,y ¢ R), and 
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define a composition (x,,;) + (2.32) = G1 + X21 + J2). 
This is the law usually called vector addition, and we shall 
write x for the pair (x, y) as is customary. If 0 is the origin of 
coordinates, and a is the pair representing a point A, then the 
set {Aa}, for all A ¢ R, is a subgroup of the whole group of 
pairs P, and so is the set {ka}, where k ¢ J. These are illustrated 
in Figure 40, which also shows some cosets of the subgroup 
{ Za}, which are the lines parallel to the line { Aa}. These cosets 
form a quotient group (the group P is commutative), in which 


Ξ 
e 
j a 
8. 
: / oe 
8. 
. 
.» 
Some cosets The subgroup 
b+ {Aaj}, AeR {καὶ Κα eJ 


Fig. 40 Cosets in the group, P, of points of the plane. 


the ‘sum’ of two lines is the line containing any point obtained 
by adding one point of each of the two component lines. 

Another example is provided by the group of functions 
x — ax +b: we leave the details to the reader. (See the 
exercises below.) 


Exercises 


1. Find the cosets into which the group P of points of the 
plane is divided by the other subgroups mentioned above. 


2. The set of functions fa: R— R: x τὸ ax + b, for all 
a, b ε R, forms a group both under function composition and 
under addition (see p. 66). Show that the subset fag: x — ax, 
for all a, forms a subgroup in each of these cases, and that the 
subgroup is normal in one of them. In this case, find the 
quotient group. 
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3. Show that the quotient group of Κα, + by J, + is a group 
which might be called the ‘additive group of real residues 
modulo 1’. 


4. Consider the group of permutations of {a, b, c, d} which 
leave the cross-ratio (a—c)(b—d)/(a—d)(b—c) = A invariant. 
Show that it is a normal subgroup of P,; find the quotient 
group, and show the isomorphism between this and the group 
of values of the cross-ratio, A, 1//, 1—4, I/(l—/), (A— 1/4, 
Aj(A—1). (Hint: What is the law of composition ἢ) 


FIELD EXTENSIONS 


We include here a short section on the extension of fields, since 
it has relevance to several topics discussed in this book. It may 
be regarded in some ways as the reverse process to that of 
forming a quotient structure—it will be seen that when a field 
has been extended the original field may be recovered as a 
quotient. We take up the discussion of fields at the point at 
which we left it in Chapter 5, having proved that a quadratic 
equation with coefficients in any field F may be reduced to 
the form (x — h)* = p, where p is an element of F. Whether 
or not the solution of the equation can be completed from this 
point depends on whether p has a square root in the field F. 
If F is the real field R, and p is negative, there is no value for 
x in F, and this leads to the extension of R to form the complex 
field C. Instead of pursuing this example, we shall consider the 
case when F is the finite field J,. In this case p = 0, 1 or 4 gives 
a solution for x, but there is no solution if x = 2 or 3. We may 
therefore consider an element ¢, such that 12 = 2: we note 
that this provides a square root for 3 as well, since (2f)? = 
4.2 = 3. We can prove further that if 1 is ‘adjoined’ to the 
field J;, that is to say, if we include all sums and products 
obtained from ¢ and the elements of J;, then the resulting 
structure is also a field. The set consists of 


0 1 2 3 4 

t 1+f 2+t 3+ 4+f 
2t 1 + 21 2 + 2t 3 + 2! 44 2, 
31 1 + 3] 2+ 31 3 + 3] 4+ 31 
At 1 + 4ϊ 2+ 4 3+ 4f 4 4. 4f 
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There are 25 elements in all, and we may express them as 
{a + bt}, with a,b e Js. It is clear that the sum, product and 
difference of any two of these is of the same form, and that the 
compositions are associative, commutative and distributive, 
+ over - ; the only condition for a field that requires attention 
is the existence of multiplicative inverses for all elements 
except 0. But we have 


iota 2. Ui Lage b 
α Ἔ δι (a+ δ) (α --- δ᾽) a*—2b* κα; — 26° 4, 
which is of the required form. a? — 2b? cannot be 0 since 
αὖ = 2b* would imply (a/b)? = 2, which is impossible. This 
completes the proof. 


4t φ----Φ-- -Θ----0-- --Ὁὁ --- 
3} @—-e--e--e--e- — 
2+ Φ----Φ-- --ὁ----ο---Ὁ --- 
+ φ----ο---Φ---ὁ---9----- 


Fig. 41 The field .7,(1), an additive subgroup {a}, age J;, and cosets. 


The additive subgroups of this field include {a}, with a ¢ Js, 
and {bt}, with b eJ,, and the reader may easily verify that the 
quotient group in each of these cases is isomorphic to J;; if 
the field elements are represented by the points of Figure 41, 
the cosets are represented by the lines, with addition defined 
in the obvious way. When we consider the multiplicative 
group contained in the field, we have now 24 elements, 0 being 
excluded, and the quotient groups are more interesting, The 
subgroup S = {1, 2,3 4}, for example, divides the group into 
six cosets, which may be written S, tS, (1 + 1)S, (2 + t)S,(3 + OS, 
(4 + t) 5. These form a quotient group which is cyclic (the 
only other abstract group of order 6 is non-commutative), and 
it may be verified that (3 + 1)S is a generator of this group. 
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Exercises 
l. Verify the statements of the above paragraph. 


2. Find the structure of the 24-element multiplicative group 
mentioned above. 

3. Find a subgroup of 3 elements of this multiplicative group, 
and predict the structure of the resulting quotient group. 


4. Make ἃ similar investigation starting with the field J. 
Further Field Extensions and Vector Spaces 


All cubic equations in a field F can be reduced to the form 
x* + ax + ὃ = 0, with a and ὁ in F, but, as in the case of 
quadratics, the complete solution of the equation depends 
on the existence of a root of this reduced equation in the field F, 
If F is Js, all such equations with a = 0 or ὃ = 0 are soluble, 
but, for example, x° + x + 1 = 0 is not. J; may be extended 
by adjoining to it a root of this equation, r say; this generates 
a set consisting of all elements of the form a + br + er’, with 
a, b, c in Js, 5° elements in all. (Any elements which contained 
γ᾿ could be reduced by using the relation r? + r + 1 = 0 to 
elements of the form a + br + cr?.) As before, it may be 
proved that this extended set J,(r) is a field. Subgroups and 
quotient groups of this field may be investigated as above. 
Readers acquainted with vector spaces will observe that the 
fields of these last two paragraphs are vector spaces over Js, 
of dimension 2 and 3 respectively. 


Exercises 


1, Show that J,(r) is a field. 


2. Identify some of the subgroups and quotient groups in the 
field J. 5(r ). 


SYMMETRIES OF FIELDS—AUTOMORPHISMS 
Automorphisms of groups were discussed in Chapter 7; a field 
automorphism is a one-one mapping of a field onto itself such 
that both field compositions are preserved. As we observed 
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before, the set of automorphisms, which is itself a group, gives 
a measure of the symmetry of the system. The transformation 
¢— 4f is an automorphism of the field οἷς: it is a one-one 
mapping of the field onto itself, it preserves addition, and also 
multiplication—any product not involving ¢* is clearly pre- 
served, and since 12 = (41)* = 2, so is any product which does 
involve 12, 

The group of automorphisms in this case consists of the 
identity mapping and 1 — 41, the square of which is the 
identity. 


Exercises 


1. Show that the complex field, regarded as an extension R(i) 
of the real field, has the automorphism i > —i. 


2. Show that the field J,(r) defined above has the one non- 
identical automorphism r — r?; and that this gives an auto- 
morphism group isomorphic to C). 


3. Extend some of the ideas of the last two sections to other 
finite fields, such as J3, J5. 


Field extensions and their automorphisms play an important 
part in the Galois theory of the solubility of equations, 
including the proof of the insolubility, by radicals, of the 
general equation of the fifth degree, and we have already 
mentioned that it was in this field that the theory of groups 
was first used. We cannot treat this subject fully within the 
scope of this book. We have, however, tried to show some- 
thing of the inter-relationship of the commoner algebraic 
structures, and particularly to show the breadth of application 
of the idea of the group. 


REFERENCES 


BirkHoFrF, G. and S. MACLANgE, A Survey of Modern Algebra, 
second edition, Macmillan, New York, 1953. 

SAWYER, W. W., A Concrete Approach to Abstract Algebra, 
W. H. Freeman, San Francisco, 1959. 


ANSWERS TO EXERCISES 


CHAPTER 6 
Page 81. 
1. {1, 2, 4}, {3, 5, 6}. 
2. {1, 10}, {2, 9}, {3, 8}, {4, 7}, (5, 6}. 


3. {0, 33, {1, 4}, {2, 5}. 
᾿ Ὁ ἫΝ : 5}. 


4. {1, p}, {w, 4}, {w?, v}. 


Page 94. 
3. Ὁ and J3o are both isomorphic to C, x C2, being generated 
by 3 and 11, and 7 and 11, respectively; Jj, is isomorphic to 
C,xC,xC;, having generators 5, 7, 13. 

CHAPTER 7 
Page 97. 
1. (13), (13), (132). 


Page 98. 

1. (123). 

2. (123), (132), (132), (123). 

3. (1), (1), (132), (1). 

5. See p. 110; 03 and Q4 must be classified together. 
6. (21)(24)(23), (32)3 D349), (43)(42)(41). 

7. (1432), (13)(24). 

8. C4. 
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Page 100. 
4. Subgroups generated by (1243), (1324). 


6. Generated by (1243) and (14), (1324) and (12). 
No; (1), (12)(34), (13)(24), (14)(23) appear in all three, while 
permutations of order 3 do not appear at all. 


9. Generated by (123... 7). 


Page 102. (In most cases the answers given are not the only 
correct ones.) 


1. (13)(14)(12). 
2. (1342), (12)(14)(13). 
3. (12)(14)(13)(25)(24)(21), (15)(14)(13)(12), (24)(23)(15)(14). 


Page 105. 

1. (1), (123), (132); 

The permutations of classes Οὔ, 02, 03 on p. 110, 

3. (132)(134), (123)(124), (124)(123). 

4. No; it is an odd permutation and 3-cycles are even. 


Page 107. 
1. a = (la)(bc), b = (1b)(ac), ¢ = (1c)(ab). 
2. r = (Irr?r?), r? = (1r?)(rr*), r? = (1r?r?r). 


Page 108. 
2. Dy, 
3. Inner automorphisms 44, full group P,. 
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Page 110. 

1. Transformed Inner 
by | lw wy p @ Automorphism 
w | lw weop@q v (vpq) 
ed 2 ee (vqp) 
» | 1wwivgp (ww?)(pq) 
Pp jivwtw@ePp (ww?)(vq) 
Ne De ESM ΡΟ ἃ (ww?)(py) 

Group D, 
3. Transformed Inner 


by lr r rh vy ὦ, d, Automorphism 


— |—. 


r lrrrvph dd (ἀν) ἀκα.) 
ae Lt Prk ov Ge (1) 

γ" Ι ν γὐγῖδν ἢ dd, Κ(ἠν)(ά,4,) 
h LfPrrhy dd, Vdd) 
ν 1 γῆν ἂν 4. Crmd) 
djtiyvrrveaéaagad& Ory 
εἰ, | l r r? Yr sv «A da; εἰ. (rr*)(hy) 


6. A,: take OO, 02, Q3. 
C4: (1234), (13)(24), (1432). 
D,: Q3 or (12), (34), (12)(34); other sets possible. 
D,: All permutations not containing 4. 


Page 111. 

1, 2. p. 108, Ex. 1: Inner automorphisms (1) only (cf p. 110 
Ex. 2) Ex. 2: D3: All automorphisms inner. D,: Inner D,. 
Ex. 3: Inner 4,. 
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CHAPTER 8 
Page 114. 
1. A, B: D,; N, parallelogram: C). 
Page 115. 
1. (a) (pq)°; (b) (pq)’. 
Page 118. 


1. p? = q* = 1,(pq)"#1 for any n; same with r? = 1, pr = rp, 
qr = rq. 


2.(a)Type2 (b)lor4 (c)7 (d)30r5 (δε) 3. 


Page 122. 


1. The six 4-cycles of P, (see p. 110); (1234) = (12)(234), a 
third-turn about the axis through vertex 1 followed by reflec- 
tion in the perpendicular bisector plane of edge 12. 

2. If vertex A is opposite face a, and so on, (AB) is the same 
transformation as (ab). 


CHAPTER 9 
Page 131. 
1. D3. 
2. Isomorphic to C3, C3. 
4. Isomorphic to P3. 


Page 132. 

1. {5- Καὶ, for fixed b and all k εὖ], is a coset. 

2. Under addition: quotient group is isomorphic to R, +. 
4. Function composition; A is the identity. 


Page 135. 
2. Cyclic; 3+¢ is a generator. 
3. {1, 2+2r, 2+3¢}. Quotient group isomorphic to Cg. 
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For other approaches to number systems see Moakes, The Core 
of Mathematics, which treats the subject more briefly than we 
do here; Thurston, in The Number System, gives a more exten- 
sive and more rigorous study, and Birkhoff and Maclane adopt 
a different point of view, starting by stating axioms for an 
integral domain and adding further axioms one by one until 
the resulting system has all the properties of the set of integers. 

Sawyer’s A Concrete Approach to Abstract Algebra provides 
an alternative treatment of finite arithmetics, of their extension 
to complex finite fields, and includes also work on extended 
fields regarded as vector spaces, leading to a proof of the 
impossibility of trisecting the angle. This would form a suitable 
continuation of the work of Chapter 9 of this book. 

For further reading on group theory, Grossman and 
Magnus, Groups and their Graphs is an easy book which 
includes most of the group theory treated in this book and has 
chapters on one or two different applications of the theory; 
Ledermann’s The Theory of Finite Groups is more advanced but 
well supplied with examples. Papy’s Groups is of a similar 
standard and has a great many good examples but the termin- 
ology is less familiar and the notation more abstract. 

The symmetries of plane figures are dealt with in Jeger’s 
Transformation Geometry (No. 1 of this series), but for solids 
one must consult Coxeter’s Introduction to Geometry, a masterly 
survey of the whole subject which includes brief but excellent 
sections on the symmetry topics of this book. Bell and Fletcher, 
Symmetry Groups, is a short pamphlet summarizing the sym- 
metries of plane and solid figures, including patterns which 
repeat along a strip and over a plane. 

Some Lessons in Mathematics includes classroom material to 
introduce finite arithmetics, symmetry and groups, and a 
section on transformation geometry. 
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MATHEMATICAL STUDIES: | 
TRANSFORMATION GEOMETRY 
MAX JEGER | 

Translated by A. Deicke and A. G. Howson 


In 1872 Felix Klein, speaking at the University of Erlangen, suggested 
that various geometries should be distinguished by the groups of trans- 
formations under which their propositions remain valid. This exciting 
and important idea has had many repercussions in the world of mathe- 
matics, and recently its effects have been felt in the school classroom, an 
outstanding feature of new mathematics syllabuses being the inclusion 
of an approach to geometry based on the study of such plane trans- 
formations as rotations and reflections. This study is doubly profitable, 
for not only do transformations help to throw geometric properties into 
sharp relief, but they also provide a fascinating introduction to group 
theory. Both of these aspects are given due consideration in Mr. Jeger’s 
book, which was described in Mathematics Teaching as ‘perhaps the 
best development of school geometry from the group point of view which 
is to be found anywhere.’ 

Readers new to this type of geometry will be surprised too by the 
power and versatility of transformations and by the way that they can 
be used to solve many different types of construction problems in addition 
to such well-known results as the nine-point circle. The second aspect is 
of equal interest. The ways in which transformations are related and the 
groups they form are investigated. It is shown how the reflections generate 
all the other congruence-preserving transformations, and that, if in 
addition enlargements are considered, the result is a new group—the 
group of similarities which characterises Euclidean geometry. Finally, a 
look is taken at the geometry associated with affine transformations. 

This book is very suitable for sixth formers and undergraduates who 
want a not too abstract approach to groups, for teachers who want a 
compact and workable account of this kind of geometry, and for 
students in Colleges of Education as an introduction to new ideas in 
algebra and geometry. 
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